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1 Introduction
In this review we discuss the role of instantons in describing non-perturbative
effects in globally supersymmetric gauge theories 6.
Instantons (anti-instantons) are non-trivial self-dual (anti-self-dual) solu-
tions of the equations of motion of the pure non-abelian Yang–Mills theory
when the latter is formulated in a compactified S4 Euclidean manifold. In-
stanton solutions are characterised by a topological charge (the Pontrjagin
number, K) which takes integer values, K ∈ Z. The integer K represents the
number of times the (sub)group SU(2) of the gauge group is wrapped by the
classical solution, while its space-time location spans the S3-sphere at infinity.
The presentation of the material of this review can be naturally split into
three parts according to the number of supersymmetries endowed by the the-
ory. In the first part (Sects. 2-5) we discuss (weak and strong coupling) com-
putations of instanton dominated correlators in pure N = 1 Super Yang–Mills
(SYM) and in some Super QCD-like (SQCD) and chiral extensions of it. A
careful analysis of the latter case shows that with a suitable choice of the
chiral matter flavour representations the interesting phenomenon of dynami-
cal breaking of supersymmetry occurs in the theory, as a consequence of the
constraints imposed by the Konishi anomaly equation.
In the second part (Sects. 6-11) we move to the N = 2 Super Yang–Mills
case. We will show how the highly sophisticated instanton calculus, developed
in the years, is able to produce the correct coefficients that determine the exact
expression of the N = 2 prepotential, derived in the famous Seiberg–Witten
(SW) construction. We will also review the construction of the instanton solu-
tion in terms of branes with the purpose of illustrating the intriguing relation
with string theory.
In the third part (Sects. 12-18) we discuss the role of instantons in N = 4
Super Yang–Mills. Although there are no anomalous U(1)’s in this theory
(with the consequence that there exist no chiral U(1) selection rules that would
limit the value of Pontrjagin number of the instanton solutions contributing
to correlators, as instead happens in the N = 1 and N = 2 cases), instantons
are crucial to check the validity of the Maldacena conjecture beyond the realm
of perturbation theory. Furthermore, their correspondence with IIB string D-
instantons gives us hope to understand the yet elusive Montonen–Olive duality
between the weak and strong coupling regimes of N = 4 Super Yang–Mills.
A detailed outline of this review is as follows. In Sect. 2 we start with
some introductory remarks about instantons and their interpretation as field
configurations interpolating between classical Euclidean vacua (quantum tun-
neling) and we discuss in detail how semi-classical calculations are performed
in the instanton background with special reference to the notion of collective
coordinates. We also illustrate the simplifications that occur in supersymmet-
ric theories. In Sect. 3 we derive from supersymmetry and holomorphicity
6 See the contribution by G. Shore to this book for applications to the non-
supersymmetric case of QCD.
Instantons and Supersymmetry 3
the general structure of the Green functions with only insertions of lowest
(highest) components of chiral (anti-chiral) superfields. We show that these
Green functions do not depend on the operator insertion points and have a
completely fixed dependence upon the parameters of the theory (like masses
and coupling constant). We then move in Sect. 4 to the explicit semi-classical
instanton computation of constant Green functions in pure SYM and in mas-
sive SQCD finding perfect agreement between the theoretical expectations
spelled out in the previous section and the results of actual calculations. The
main result of this analysis is that the perturbative non-renormalisation theo-
rems of supersymmetry are violated in the semi-classical instanton approxima-
tion. The instanton calculus is then extended to encompass the more delicate
cases of massless SQCD and to Georgi–Glashow type theories with matter
in suitable non-anomalous chiral representations. In the first case certain in-
consistencies are found between results obtained in the massless limit of the
massive theories and what can be directly computed in the strictly massless
situation. The problem is discussed in detail and the issue of “strong coupling”
vs “weak coupling” instanton calculation strategy is addressed. In the second
case conflicting results with the constraints imposed by the Konishi anomaly
equation lead to the conclusion that in certain supersymmetric chiral theories
supersymmetry is dynamically broken by non-perturbative instanton effects.
In Sect. 5 we give the expression of the effective action for all the cases for
which we have obtained results in the semi-classical instanton approximation.
A nice agreement between these two approaches is found, which gives support
to instanton based computations.
We then pass to discuss instanton effects in N = 2 SYM theories. After the
introduction to the subject contained in Sect. 6, we present some general dis-
cussion of their properties in Sect. 7. We start by recalling their supermultiplet
content. We then describe the coupling of vector multiplets to hypermultiplets
and the structure of the classical and effective actions. In Sect. 8 we review the
celebrated analysis of Seiberg and Witten and the derivation of the expression
of the analytic prepotential in the case of pure N = 2 SYM with SU(2) gauge
group. N = 2 instanton calculus is argued to provide a powerful check of
the SW prepotential in Sect. 9. In Sect. 9.1 we describe Matone’s non-linear
recursion relations for the expansion coefficients. The validity of the recursion
relations and thus of the analytic prepotential itself is checked against instan-
ton calculations for winding numbers K = 1 and K = 2 in Sect. 9.2. In order
to go beyond these two cases, we follow the strategy advocated by Nekrasov
and collaborators which is based on the possibility of topologically twisting
N = 2 SYM theories and turning on a non-commutative deformation that
localises the integration over instanton moduli spaces. After reviewing the
strategy in Sect. 10, we describe how to couple hypermultiplets in Sect. 10.1.
We then sketch the mathematical arguments that lead to the localisation of
the measure in Sect. 10.2 and the computation of the residues that allows
a non-perturbative check of the correctness of the SW prepotential for arbi-
trary winding number in Sect. 10.3. In Sect. 11 we change gear and exploit
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the Veneziano model and D-branes in order to embed (supersymmetric) YM
theories in string theory. In particular we outline the emergence of the ADHM
data and the ADHM equations as a result of the introduction of lower dimen-
sional D-branes in a given configuration with maximal N = 4 supersymmetry.
Finally we describe in Sect. 11.1 the truncation to N = 2 supersymmetry and
the derivation of the SW prepotential within this framework in Sect. 11.2.
In the final part of the review, starting in Sect. 12, we discuss instanton
effects in N = 4 SYM, focussing in particular on the roˆle of instantons in
the context of the AdS/CFT correspondence. N = 4 SYM is the maximally
extended (rigid) supersymmetric theory in four dimensions and is believed to
be exactly conformally invariant at the quantum level. The main properties of
the model are reviewed in Sect. 13. We give explicitly the form of the action
and the supersymmetry transformations and we discuss the basic implications
of conformal invariance on the physics of the theory, highlighting some of the
features which make it special compared to the N = 1 and N = 2 theories
considered in previous sections. General aspects of instanton calculus inN = 4
SYM are presented in Sect. 14. We describe the general strategy for the cal-
culation of instanton contributions to correlation functions of gauge-invariant
composite operators in the semi-classical approximation, emphasising again
the essential differences with respect to the N = 1 and N = 2 cases. In
Sect. 15 we focus on the case of the SU(Nc) gauge group, which is relevant
for the AdS/CFT duality, and we discuss in detail the calculation of corre-
lation functions in the one-instanton sector. We first construct a generating
function which facilitates a systematic analysis of instanton contributions to
gauge-invariant correlators and we then present some explicit examples. The
generalisation of these results to multi-instanton sectors in the large-Nc limit is
briefly outlined in Sect. 16. At this point we change somewhat perspective and
we move to a discussion of the remarkable gauge/gravity duality conjectured
by Maldacena, explaining how instanton calculus allows to test its validity be-
yond perturbation theory. In Sect. 17 we recall the basic aspects of the duality
which relates N = 4 SYM to type IIB superstring theory in an AdS5 × S5
background. Instanton effects in N = 4 SYM are in correspondence with the
effects of D-instantons in string theory. More precisely instanton contributions
to correlators in N = 4 SYM are related to D-instanton induced scattering
amplitudes in the AdS5×S5 string theory. In Sects. 18.1 and 18.2 we present
the calculation of D-instanton contributions to the string amplitudes dual to
the SYM correlation functions studied in Sect. 15. The remarkable agreement
between gauge and string theory calculations provides a rather stringent test
of the conjectured duality. Finally in Sect. 18.3 we review the roˆle of instan-
tons in a particularly interesting limit of the AdS/CFT correspondence, the
so-called BMN limit, in which the gravity side of the correspondence is under
a better quantitative control beyond the low-energy supergravity approxima-
tion. We show how instanton effects provide again important insights into the
non-perturbative features of the duality.
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Our notation and various technical details are discussed in a number of
Appendices.
Given the pedagogic nature of this review we refrain from drawing any
conclusion or present any speculation. In Sect. 19 we try, instead, to summarise
the crucial contributions given by Gabriele to the subject both as the father
of open string theory and as one of the deepest and most original investigators
of the non-perturbative aspects of gauge theories. We thus simply list a few
lines of research activity where Gabriele’s profound insight was precious to
put existing problems in the correct perspective and help in solving them.
2 Generalities about instantons
Instantons (anti-instantons) are self-dual (Fµν = F˜µν , F˜µν =
1
2ǫµνρσFρσ)
(anti-self-dual, Fµν = −F˜µν) solutions of the classical non-abelian Yang–Mills
(YM) Euclidean equations of motion (e.o.m.) [1, 2] 7. They are classified by
a topological number, the Pontrjagin (or winding) number, K ∈ Z, which
represents the number of times the (sub)group SU(2) of the gauge group is
wrapped by the classical solution, AaIµ (x), when x spans the S3-sphere at
the infinity of the compactified S4 Euclidean space-time
8. Homotopy theory
shows, in fact, that the homotopically inequivalent mappings S3 → SU(2) are
classified by integers since Π3(SU(2)) ∼ Π3(S3) = Z [7].
2.1 The geometry of instantons
In the Feynman gauge (∂µA
a
µ = 0) the explicit expression of the gauge instan-
ton with winding number K = 1 for the SU(2) gauge group (to which case
we now restrict) is
AaIµ =
2
g
η¯aµν
(x − x0)ν
(x − x0)2
ρ2
(x− x0)2 + ρ2 , (1)
where η¯aµν are the ’t Hooft symbols [2]
9. In (1) x0 and ρ are the so-called
location and size of the instanton, respectively. They are not fixed by the YM
7 There are very many good reviews on the subject of instantons and their role in
field theory. Some are listed in refs. [3–6].
8 In the following adjoint gauge (colour) indices will be indicated with early Latin
letters, a, b, c, . . ., and vector indices by middle Latin letters, i, j, k, . . .. Thus for
an SU(Nc) gauge group we will have a, b, c, . . . = 1, 2, . . . , N
2
c − 1 and i, j, k, . . . =
1, 2, . . . , Nc. Further notations are summarised in Appendix A.
9 They relate the generators of one of the two SU(2) groups, in which the Euclidean
Lorentz group, SO(4), can be decomposed (SO(4) ∼ SUL(2) × SUR(2)), to the
generators of the latter through the formula ΣLµν =
1
2
η¯aµνσa with σa the Pauli
matrices. The similar coefficients for other SU(2) group are the ηaµν symbols with
ΣRµν =
1
2
ηaµνσa.
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classical e.o.m., neither is the orientation of the instanton gauge field in colour
space. Consequently the derivatives of the instanton solution with respect to
each one of these parameters (collective coordinates [8]) will give rise to zero
modes of the operator associated with the quadratic fluctuations of the gauge
field in the instanton background [2, 9, 10] (see Appendix B for details).
The winding number of a gauge configuration can be expressed in terms
of the associated field strength through the (gauge invariant) formula
K =
g2
32π2
∫
d4xF aµν F˜
a
µν . (2)
For the action of a self-dual (or anti-self-dual) instanton configuration one
then gets
SI =
8π2
g2
|K| . (3)
The topological nature of (1) can be better enlightened by first recasting it in
the form (y ≡ x− x0)
AIµ =
i
g
ρ2
y2 + ρ2
[
Ω(1)†∂µΩ(1)
]
(y) , (4)
where (see (517)) [
Ω(1)†∂µΩ(1)
]
(x) = −σ¯µν xν√
x2
. (5)
In the previous equations
Ω(1)(x) = σµ
xµ√
x2
(6)
is a topologically non-trivial SU(2) gauge transformation, since it does not
tend to the group identity as
√
x2 tends to infinity. To compute the winding
number of the gauge configuration (4) it is convenient to gauge transform it
by the transformation Ω(1) itself. One gets in this way
(AIµ)
N.S. =
[
AIµ
]Ω(1)
=
i
g
y2
y2 + ρ2
[
Ω(1)∂µΩ
(1)†](y) =
= − i
g
σµν
yν√
y2
y2
y2 + ρ2
. (7)
From the second equality we see that (AIµ)
N.S. tends at infinity to a non-trivial
pure gauge. Inserting (7) in (2), one gets the expected result, K = 1.
The form (1) (or (4)) of the one-instanton field is called “singular” because
the point where the non-vanishing contribution to the action integral comes
from is at x = x0, unlike the “non-singular” form (7) in which this point has
been brought to infinity.
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We recall in this context that the F aµν F˜
a
µν density can be locally rewritten
as the divergence of a gauge non-invariant vector through the formula
F aµν F˜
a
µν = 2∂µKµ , Kµ = ǫµνρσTr
[
AνFρσ +
2ig
3
AνAρAσ
]
. (8)
Thus (2) can be written
K =
g2
16π2
∫
S∞3
dSµKµ , (9)
where S∞3 is the three-sphere at infinity in S4. Since, as we noticed above,
(AIµ)
N.S. tends to a pure gauge at infinity and hence its field strength vanishes,
(9) can be cast in the very expressive form
K =
1
24π2
∫
S∞3
dSµǫµνρσTr
[
Ω†∂ν ΩΩ†∂ρΩΩ†∂σΩ
]
, (10)
in which we recognise the Cartan–Maurer formula. In general terms this quan-
tity is an integer, which represents the winding number of the SU(2) gauge
transformation, Ω 10.
2.2 Quantum tunneling
The existence of instanton solutions in YM can be interpreted as an indication
of quantum tunneling between different vacua, the latter being pure gauge
configurations characterised by their winding numbers [2, 11, 12]. This fact
can be illustrated in quite a number of ways. An easy, but heuristic argument
is described below. A more sophisticated analysis is presented in Appendix C.
Consider again the asymptotic formula (9), in which, however, the closed
surface S∞3 has been (smoothly) deformed to an other closed surface, which
we take as a hyper-cylinder of length T , bounded at t = −T/2 and t = T/2
by three-dimensional compact spatial manifolds, S3. In the limit T → ∞ (9)
can then be rewritten as the sum of three contributions
K =
ig3
24π2
lim
T→∞
( ∫
S3
d3x ǫ4ijkTr
[
AiAjAk
]|t=T/2 +
−
∫
S3
d3x ǫ4ijkTr
[
AiAjAk
]|t=−T/2 +
+
∫ T/2
−T/2
∫
SL
dSi ǫiνρσTr
[
AνAρAσ
])
, (11)
where SL is the three-dimensional lateral surface of the cylinder. It can be
proved [13] that one can always find a gauge where 1) A0 = 0 on the lateral
10 It can be explicitly proved that, setting Ωh = exp[iT
aha], K is invariant under the
infinitesimal deformations ha → ha+δha. Thus K only depends on the homotopy
class to which Ωh belongs and can always be normalised so as to be an integer.
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surface SL; 2) the (time-independent) gauge transformations Ω±(x) at t =
±T/2 are such that at large |x| they are independent on the direction x/|x|.
Under these conditions the third term in the r.h.s. of (11) vanishes. The other
two terms take integer values because they represent the winding number
of the mapping x → Ω±(x) from the (manifold R3 compactified to the) S3
sphere onto SU(2) 11. The net result of these considerations is that (11) can
be cast in the form
K = n+ − n− , (12)
n± = − 1
24π2
ǫijk
∫
S3
d3xTr
[
Ω†±∂iΩ±Ω
†
±∂jΩ±Ω
†
±∂kΩ±(x)
]
, (13)
which shows that the instanton solution (K 6= 0) interpolates between vacuum
states (pure gauge configurations) with different winding numbers.
We refer the reader to Appendix C for a more rigorous discussion of in-
stanton induced tunneling effects in a YM theory.
2.3 Introducing fermions
In this subsection we want to briefly recall some elementary facts on how
to deal with fermions in the functional language in general and in the semi-
classical approximation in particular.
Fermionic functional integration
When fermions are introduced it is necessary to define integration rules for
Grassmann variables. This is a beautiful piece of mathematics of which a
simple account can be found in [14]. The well-known results of this analysis
can be summarised as follows.
1) The functional integration over the degrees of freedom of a Dirac fermion
belonging to the representation R of the gauge group has the effect of adding
to the gauge action a contribution which is formally given by
log
{∫
Dµ[R](ψ, ψ¯) exp [ ∫ d4x (ψ¯iγµDµ[R]ψ)(x)]} =
= log
{
det
[
iγµDµ[R]
]}
= Tr log
[
iγµDµ[R]
]
, (14)
where
iDµ[R]γµ = iDµ[R]
(
0 σµ
σ¯µ 0
)
(15)
and the matrices σµ and σ¯µ are defined in Appendix A.
11 As an example of such gauge transformations one can take Ω(x) =
exp [ipiσ · x/√x2 + 1], in which all the point at large |x| are mapped into the
group element −1. In this way the three-dimensional space manifolds at t = ±T/2
become topologically equivalent to S3.
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2) For a Weyl fermion, which has half the degrees of freedom of a Dirac
fermion (compare (15) and (515)), there is the subtlety that the Dirac–Weyl
operator maps dotted indices into undotted ones, thus making problematic the
definition of a determinant for such an operator. In the literature many pre-
scriptions have been proposed to address this issue in a rigorous way (see [15]
and works quoted therein). Actually this difficulty is not relevant in practice,
because one can always imagine to factor out the free operator and compute
the determinant of the resulting operator which is perfectly well defined [16].
The contribution from the free part is obviously irrelevant in the computation
of Green functions as it will cancel with an identical contribution from the
normalisation factor (see (504)). Loosely speaking, looking at (15) and (515),
we may say that ceteris paribus the contribution of a Weyl fermion to the
functional integral is the “square root” of that of a Dirac fermion.
Fermionic zero modes
In computing the fermionic functional integral one is led to consider the de-
composition of the associated spinor fields in eigenstates of the fermionic
kinetic operator. As is well known, the existence of zero modes in certain
background gauge fields, such as instantons, is of particular relevance for non-
perturbative calculations both in ordinary and supersymmetric field theo-
ries [2, 4, 5].
The number of zero modes of the Dirac operator in an external field is con-
trolled by the famous Atiyah-Singer index theorem [17]. The theorem states
that “the index of the Dirac operator (15), i.e. the difference between the
number of left-handed (nL) and right-handed (nR) zero modes, is equal to
twice the Dynkin index of the representation R times the Pontrjagin number
of the background gauge field”. In formulae we write
ind(Dµ[R]γµ) ≡ nL − nR = 2ℓ[R]K , (16)
where ℓ[R] is the Dynkin index of the representation R. Let us now consider
some interesting applications of this theorem.
1. Weyl fermion in the adjoint representation, Adj, of the gauge group. We
must distinguish between the left-handed (Dµ[Adj]σ¯µ) and the right-
handed (Dµ[Adj]σµ) Weyl operator. In the first case nR = 0 and the
formula (16) becomes
ind(Dµ[Adj]σ¯µ) = nL = 2NcK , (17)
because ℓ[Adj] = Nc. Since obviously nL is a non-negative number, there
can exist zero modes of the left-handed Weyl operator only if the classical
background instanton field has positive winding number,K > 0. Similarly
for the right-handed Weyl operator one gets
ind(Dµ[Adj]σµ) = −nR = 2NcK , (18)
implying that there can be zero modes only if K < 0.
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2. Actually the number of zero-modes in the adjoint representation of any
compact Lie group, G, is always given by twice the value of the quadratic
Casimir operator, 2c2(Adj(G)). This result follows from the formula [18]
Adj(G) = 4Adj(SU(2)) + n(G)2+ s(G)1 , (19)
which expresses how the adjoint representation of G can be decomposed
into irreducible representations of SU(2). In (19) we have introduced the
definitions
n(G) = 2(c2(Adj(G)) − 2) , (20)
s(G) = d(Adj(G)) − 4c2(Adj(G)) + 5 , (21)
where d(Adj(G)) is the dimension of the adjoint representation of G. The
number of zero-modes is then 4 + 2(c2(Adj(G)) − 2) = 2c2(Adj(G))
3. Dirac fermion in the fundamental representation,Nc, of the gauge group.
Equation (16) with ℓ[Nc] = 1/2 gives
ind(Dµ[Nc]γµ) = nL − nR = K . (22)
Again in the classical background instanton field there can be either left-
handed fermionic zero modes, if K > 0, or right-handed ones, if K < 0.
4. Fermion in the rank-two antisymmetric representation Nc(Nc − 1)/2.
The number of zero modes (of definite chirality) is (Nc − 2)K.
Deriving the explicit expression of all these fermionic zero modes is beyond the
scope of this review and we refer the interested reader to the general methods
that, starting from the seminal paper of [19], have been developed in the
literature [6, 20]. However, for completeness we give their explicit expression
for a few cases more relevant for this review in Appendix A.
2.4 Putting together fermion and boson contributions
As we said, we are interested in computing expectation values of (multi-local)
gauge invariant operators, by dominating the functional integral with the
semi-classical contributions coming from the non-trivial minima (instantons)
of the Euclidean action. The obvious question is whether this computational
strategy leads to a reliable estimate of 〈O〉.
The general case
In order to prepare ourselves for this analysis, let us write down the formal
result obtained by performing the integration over the quadratic fluctuations
(semi-classical approximation, s.c.) around an instanton solution with winding
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number K. Including also the fermionic contribution in (560) and assuming
for simplicity that there are no scalar fields in the theory 12, one gets
〈O〉
∣∣∣
s.c.
= µnB−κFnF
e
− 8π2
g2
|K|
Z|s.c. (23)∫ nF∏
j=1
dcj
∫ nB∏
i=1
dβi
||a(i)||√
2π
(det′[Mg.f.µν ])−
1
2 det[−D2(AI)]
(det[Mg.f.0;µν ])−
1
2 det[−∂2]
det′[6D(AI)]
det[ 6∂ ] O(c;A
I) .
where 6D is the fermionic kinetic operator appropriate to the kind of fermion
one is dealing with (Dirac or Weyl) and the prime on the determinants is there
to mean that obviously only non-zero eigenvalues are to be included. Further
observations about this formula are the following.
• The factor κF is 1 for a Dirac fermion and 12 for a Weyl fermion.• The residual fermionic integration ∏nFj=1 dcj is over the Grassmannian
coefficients associated with the nF zero modes of the fermionic kinetic op-
erator. We stress that in order not to get a trivially vanishing result, the
Berezin [14] integration rules require a perfect matching in the number of
fermionic zero modes between those of the fermion operators in the action
and those contained in the operator O.
• The extra µ dependence in front of the r.h.s. of (23) (with respect
to (560)) is due (similarly to the case of the bosonic functional integration,
see Appendix B), to unmatched µ factors coming from the determinant of the
fermion Pauli–Villars (PV) regulators 13.
• The power κFnF is dictated by the way in which zero modes contribute
to the fermionic mass term in the action and the nature of the Grassmannian
integration rules.
• No further factor comes from dealing with the fermionic zero modes,
provided they are normalised to one, which we will always do (this is at
variance with what happens for bosonic zero modes, each of which contributes
a factor ||norm||/√2π to (23)).
• Generally speaking, the ratio of determinants in (23) will be a function
of the instanton collective coordinates as well as µ.
The computational strategy outlined above can be safely used if it can be
convincingly argued that the classical minima (instantons) really dominate the
integral. This is a delicate issue which can only be settled on a case by case
basis. For instance, for the instanton contribution to dominate the functional
integral one can imagine considering Green functions that are zero in perturba-
tion theory. The argument here is that otherwise the non-perturbative instan-
ton contribution, which is proportional to exp(−8π2|K|/g2), would represent
12 The extension of the formulae of this section to the more general case where also
elementary scalar fields are present is possible, but not completely trivial. See
below and refs. [4,6,21–23]
13 In order to have a more readable formula we have not shown in (23) the deter-
minants of the various PV regulators.
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a completely negligible correction with respect to any perturbative term. This
is the situation one is usually dealing with in N = 1 supersymmetric theories.
In the N = 2 and N = 4 cases it is, instead, interesting to consider more
general correlators which do not necessarily vanish in perturbation theory.
In these cases instanton contributions, though comparatively exponentially
small, can always be “tracked” if the theory ϑ-dependence is followed (see
Appendix C).
A second crucial question concerns the finiteness of the r.h.s. of (23). In
his beautiful paper ’t Hooft [2] has shown that in QCD the integration over
the instanton collective coordinates around the classical instanton solution
Aµ = A
I
µ , all other fields equal to zero (24)
does not lead to a finite result. The reason behind this fact is that the in-
tegration over the size of the instanton, ρ, which comes from the ratios of
determinant in (23) as well as from the norm of the bosonic zero modes, di-
verges in the infrared limit, i.e. for large values of ρ (the integration near
ρ = 0 is, instead, convergent thanks to asymptotic freedom). This problem is
not present in the supersymmetric case which we discuss next.
The supersymmetric case
Something really surprising indeed happens in the case of a supersymmetric
theory. There, irrespective of the details of the theory (number of supersym-
metries, gauge group, matter content, etc.), the whole ratio of (regularised)
determinants is always exactly equal to 1 [24]. This is because the eigenval-
ues of the various kinetic operators in the instanton background are, up to
multiplicities, essentially all equal and, due to supersymmetry, there is a per-
fect matching between bosonic and fermionic degrees of freedom, leading to
contributions that are one the inverse of the other. The formula (23) thus
becomes
〈O〉
∣∣∣SUSY
s.c.
= µnB−
1
2nF
e
− 8π2
g2
|K|
Z|s.c. ×
×
∫ nB∏
i=1
dβi
||a(i)||√
2π
∑
{jk}
(−1)P{jk}O(
∏
k
fjk ;A
I) , (25)
where we have explicitly carried out the final integration over the Grassman-
nian variables cj , j = 1, 2, . . . , nF . As a result the product of the nF fermionic
fields contained in O is simply replaced by the product of the wave functions,
fj(x, β), of the nF zero modes. The sum over permutations is weighted by
alternating signs because of Fermi statistics. Finally we have set κF =
1
2 ,
because in supersymmetric theories fermions are always introduced as Weyl
particles.
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Actually in the case K = 1 (25) can be made even more explicit, be-
cause for a gauge invariant operator the only dependence on the collective
coordinates is that on the size and position of the instanton. Using (561) of
Appendix B and the coset integration formula (derived in [9]) necessary for
the generalisation to the case of the SU(Nc) group, one gets to leading order
in g (where Z|s.c. = 1)
〈O〉
∣∣∣SUSY
s.c.
= VNcµ
4Nc− 12nF e
− 8π2
g2
(g2)2Nc
×
×
∫
dρ
ρ5
d4x0(ρ
2)2Nc
∑
{jk}
(−1)P{jk}O(
∏
k
fjk ;A
I) , (26)
with
VNc =
4
π2
(4π2)2Nc
(Nc − 1)!(Nc − 2)! . (27)
Supersymmetry has in store another surprise for us. Recalling the multiplic-
ity of the fermionic zero modes as given by the Atiyah–Singer theorem (see
Appendix A), one finds that for a supersymmetric theory
4Nc − 1
2
nF = b1 , (28)
β = − g
3
16π2
b1 + O(g
5) , (29)
where b1 > 0 is the first coefficient of the Callan–Symanzik β-function. To
prove (28) we recall the general formula
b1 =
11
3
ℓ[Adj]− 2
3
∑
RF
nRFℓ[RF]−
1
3
∑
RB
nRBℓ[RB] , (30)
where nRF and nRB are the numbers of fermions and bosons in the representa-
tionsRF andRB, respectively. Since in a supersymmetric theory each fermion
is accompanied by a bosonic partner belonging to the same representation R,
(30) simplifies to
b1 = 3ℓ[Adj]−
∑
R
nRℓ[R] = 3Nc −
∑
R
nRℓ[R] , (31)
with nR the number of chiral superfields in the representation R. To be able
to compare b1 in the above equation with the combination that appears in the
l.h.s. of (28) we make use of the Atiyah–Singer theorem (see (16)). Separating
out the contribution due to gluinos (the fermions in the gauge supermultiplet)
which accounts for a 2Nc/2 contribution, we can write the l.h.s. of (28) in the
form
4Nc − 1
2
nF = 4Nc −Nc − 1
2
2
∑
R
nRℓ[R] = 3Nc −
∑
R
nRℓ[R] , (32)
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in agreement with (31).
The interesting consequence of this equality is that we can combine the
exponential of the instanton action with the explicit µ dependence to form
the renormalisation group invariant Λ-parameter of the theory. Introducing
the running coupling g(µ), we can thus write
µ4Nc−
1
2nF e
− 8π2
g(µ)2 = Λb1 . (33)
We will exploit this key observation in the following, making it more precise
(Sect. 4.1).
3 Chiral and supersymmetric Ward–Takahashi identities
Before embarking in explicit instantonic calculations of correlators, we want to
spell out the constraints imposed on correlators by chiral and supersymmet-
ric Ward–Takahashi identities (WTI’s). We will show that in some interesting
cases, when these “geometric” constraints are coupled to the requirement of
renormalisability, the expression of certain Green functions is (up to multi-
plicative numerical constants) completely fixed.
The special Green functions which enjoy this amazing property are the
n-point correlation functions of lowest (highest) components of chiral (anti-
chiral) gauge invariant composite superfields. Although this is a very limited
set of correlators, we will see that their knowledge, when used in conjunction
with clustering, is sufficient to draw interesting non-perturbative information
about the structure of the vacuum and of its symmetry properties. For this
reason in this section we will limit our consideration to such correlators. We
will in particular concentrate on the case of N = 1 Super QCD (SQCD) (see
Appendix A for notations) with the purpose of exploring the properties of a
sufficiently general theory in which also mass terms can be present.
WTI’s provide relations among different Green functions. They will be
worked out under the assumption that supersymmetry is not spontaneously
(or explicitly) broken, i.e. under the assumption that the vacuum of the the-
ory is annihilated by all the generators of supersymmetry. Our philosophy
will be that, if we find that some dynamical calculation turns out to be in
contradiction with constraints imposed by supersymmetry, then this should
be interpreted as evidence for spontaneous supersymmetry breaking.
As we explained above, we are now going to consider the n-point Green
functions
G(x1, . . . , xn) = 〈0|T
(
χ1(x1) . . . χn(xn)
)
)|0〉 , (34)
where each χk(xk) is a local gauge invariant operator made out of a products
of lowest components of the fundamental chiral superfields of the theory. Thus
the operators χk are themselves lowest components of some composite chiral
super field, Xk, for which we formally have the expansion
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Xk(x) = χk(y) +
√
2θαψαk(y) + θ
2Fk(y) , (35)
yµ = xµ + iθ
ασαα˙µ θ¯α˙ . (36)
On these fields the Q and Q¯ generators of supersymmetry act as “raising”
and “lowering” operators according to the (anti-)commutation rules
[Q¯α˙, χk(x)] = 0 , {Q¯α˙, ψαk (x)} =
√
2 σ¯α˙αµ ∂µχk(x) , (37)
[Qα, Fk(x)] = 0 , {Qα, ψkβ(x)} =
√
2ǫαβFk(x) . (38)
3.1 Space-time dependence
The independence of the correlators of the form (34) from space-time argu-
ments immediately follows from the (anti-)commutation relations (37). Tak-
ing, in fact, the derivative ofG with respect to xℓ and contracting with
√
2 σ¯α˙αµ ,
one gets
√
2 σ¯α˙αµ
∂
∂xℓµ
G(x1, . . . , xn) =
= 〈0|T (χ1(x1) . . . {Q¯α˙, ψαℓ (xℓ)} . . . χn(xn))|0〉 = 0 . (39)
The last equality is a consequence of the fact that Q¯ can be freely (first com-
mutation rule in (37)) brought to act on the vacuum state at the beginning and
at the end of the string of χk operators and that, under the assumption that
supersymmetry is unbroken, Q¯|0〉 = 0. Contributions coming from the deriva-
tive acting on the θ-functions that prescribe the time-ordering of operators in
G are zero because they give rise to the vanishing equal-time commutators,
[χℓ(xℓ, tℓ), χk(xk, tk)]δ(tk− tℓ) = 0. Equation (39) proves the constancy of G.
A similar result clearly holds for n-point correlators, G∗, where only lowest
components of antichiral superfields are inserted.
We end this section with the important observation that all these cor-
relators vanish identically in perturbation theory. Only non-perturbative
instanton-like contributions can make them non-zero.
3.2 Mass and g dependence
The following further properties hold for correlators of lowest components of
chiral, G, (or antichiral, G∗) superfields [4, 25, 26]
a) G is an analytic function of the complex mass parameters mf , i.e. it
does not depend on m∗f (the opposite being true for G
∗).
b) The mass dependence of G (and G∗) is completely fixed.
c) When renormalisation group invariant operators are inserted, the de-
pendence upon the coupling constant is, in a mass independent renormalisa-
tion scheme, fully accounted for by the renormalisation group invariant (RGI)
quantities Λ and [mf ]inv ≡ mˆf (see below (51)).
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It is important to remark that properties of this kind can be readily ex-
ported to the generating functional of Green functions, as they only follow
from symmetry principles. They provide strong constraints on the form of
the associated effective action. A celebrated example of application of this
observation, though in a different context, can be found in the construction
of the low energy effective action that describes the interaction of pions in
QCD [27, 28]. In supersymmetric theories the invariances are so tight that
often the full expression of the effective superpotential is completely deter-
mined [21, 29–31] (see Sect. 5).
a) Mass analyticity
The statement a) follows from the supersymmetric relation (no sum over f)
m∗f
∂
∂m∗f
G(x1, . . . , xn) = m
∗
f 〈0|T
(
χ1(x1), . . . , χn(xn)
∫
d4xF ∗ff (x)
)|0〉 =
= m∗f
∫
d4x 〈0|T (χ1(x1) . . . χn(xn){Q¯α˙ψfα˙f (x)})|0〉 = 0 , (40)
with F ∗ff the auxiliary field of the antichiral superfield T
∗f
f = (χ
∗f
f , ψ¯
∗f
f , F
∗f
f ).
The first equality follows from the fact that, before the auxiliary field is elimi-
nated by the e.o.m., F ∗ff is the coefficient of m
∗
f . The second is a consequence
of the complex conjugate of the anticommutation relation in (38). Finally,
since Q¯ commutes with the χk’s, it can be brought in contact with the vac-
uum state which is thus annihilated.
b) Mass dependence
In order to simplify this analysis we restrict to Green functions where only
the gauge invariant composite operators
g2
32π2
λαa(x)λaα(x) ≡
g2
32π2
λλ(x) , (41)
φ˜fr(x)φhr(x) ≡ φ˜fφh(x) (42)
are inserted. They are the lowest components of chiral superfields which will be
called S and T fh , respectively. Besides their obvious complex conjugate fields,
we will sometimes also consider the composite operators ψ˜frα (x)ψ
α
hr(x) =
ψ˜fψh(x). In general terms we will consider correlators of the kind
G
(p,q)f1,...,fp
h1,...,hp
(x1, . . . , xp;xp+1, . . . , xp+q) = (43)
= 〈0|T (φ˜f1φh1(x1) . . . φ˜fpφhp(xp) g232π2λλ(xp+1) . . . g232π2λλ(xp+q)))|0〉 .
The dependence of (43) upon the mass parameters can be established in the
following way. First of all we notice that from (40) we have
Instantons and Supersymmetry 17
mf
∂
∂mf
G(p,q) =
(
mf
∂
∂mf
−m∗f
∂
∂m∗f
)
G(p,q) =
1
i
∂
∂αf
G(p,q) , (44)
where we have set
mf = |mf |eiαf . (45)
In order to compute the derivative in the r.h.s. of (44) we perform the non-
anomalous UfA(1) transformation (see Appendix A)
(ψ˜h, ψh)→ eiδfhαf/2(ψ˜h, ψh) , (φ˜h, ψh)→ ei(δfh−1/Nc)αf/2(φ˜h, ψh) ,
λ→ e−iαf/2Ncλ , (46)
by means of which the αf dependence of the action is eliminated, but it is
brought in the fields appearing in G(p,q). This allows to carry out in an explicit
way the αf derivative, leading to the result
mf
∂
∂mf
G
(p,q)f1,...,fp
h1,...,hp
= q
(f),f1,...,fp
h1,...,hp
G
(p,q)f1,...,fp
h1,...,hp
, (47)
q
(f),f1,...,fp
h1,...,hp
=
p+ q
Nc
− 1
2
p∑
ℓ=1
(δfℓ,f + δhℓ,f ) , (48)
where q(f) is the sum of all the UfA(1) charges of the operators contained in
G(p,q). The above differential equation is easily integrated and yields
p∏
ℓ=1
(mfℓmhℓ)
1
2G
(p,q)f1,...,fp
h1,...,hp
= C
(p,q)f1,...,fp
h1,...,hp
(µ, g)
( Nf∏
ℓ=1
mℓ
) (p+q)
Nc
. (49)
The µ dependence of C
(p,q)f1,...,fp
h1,...,hp
(µ, g) is trivially fixed by dimensional anal-
ysis and one finds
C
(p,q)f1,...,fp
h1,...,hp
(µ, g) ∝ µ(p+q)(3−Nf/Nc) . (50)
c) g dependence
The g dependence of C
(p,q)f1,...,fp
h1,...,hp
(µ, g) is completely determined by renor-
malisability. In fact, having factorised in the l.h.s. of (49) the mass factor∏p
ℓ=1(mfℓmhℓ)
1
2 , which precisely serves the purpose of making the φ˜fφh op-
erators in G(p,q) behave like RGI insertions, the rest of the g dependence must
all be expressed through the RGI quantities
Λ = µ exp
(
−
∫ g 1
β(g′)
dg′
)
, mˆ = m exp
(
−
∫ g γm(g′)
β(g′)
dg′
)
, (51)
where β 6= 0 and γm(g) are the Callan–Symanzik function of the theory and
the mass anomalous dimension of the matter superfield, respectively. This
implies that the g dependence must be of the form
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C
(p,q)f1,...,fp
h1,...,hp
(µ, g) ∝ exp
{
−
∫ g dg′
β(g′)
(p+ q)
[
(3− Nf
Nc
) + γm(g
′)
Nf
Nc
]}
, (52)
in order to have
p∏
ℓ=1
(mfℓmhℓ)
1
2G
(p,q)f1,...,fp
h1,...,hp
=
= Λ(p+q)(3−Nf/Nc)
( Nf∏
ℓ=1
mˆℓ
) (p+q)
Nc
t
(p,q)f1,...,fp
h1,...,hp
, (53)
with t
(p,q)f1,...,fp
h1,...,hp
a dimensionless constant tensor in flavour space.
The form of t
(p,q)f1,...,fp
h1,...,hp
is strongly constrained (and sometimes completely
determined) by the pattern of unbroken flavour symmetries of the theory. Its
explicit computation will be one of the main subjects of the next sections.
3.3 The anomalous Uλ(1) R-symmetry
The integrated WTI associated with the anomalous Uλ(1) R-symmetry (see
Appendix A, (531), (532) and (520)) reads
2iKNc〈O(x1, . . . , xn)〉 =
n∑
i=1
〈 ∂O
(α)
∂α(xi)
(x1, . . . , xn)
∣∣∣
α=0
〉 , (54)
where O(α) is the operator which is obtained by performing on O a Uλ(1)
rotation of an angle α. For the special Green function G
(p,q)f1,...,fp
h1,...,hp
(see (43))
and (54) simply becomes
2KNcG
(p,q)f1,...,fp
h1,...,hp
(x1, . . . , xp;xp+1, . . . , xp+q) =
= 2(p+ q)G
(p,q)f1,...,fp
h1,...,hp
(x1, . . . , xp;xp+1, . . . , xp+q) , (55)
because the Uλ(1) rotation ofG
(p,q)f1,...,fp
h1,...,hp
is proportional to G
(p,q)f1,...,fp
h1,...,hp
itself
through the factor 2(p+ q). As a result only if
p+ q = KNc , (56)
we can get a non-vanishing result. Notice that (56) implies K > 0 consistently
with the fact that we are dealing with lowest components of chiral superfields.
Negative values of K will come into play in correlators with insertions of
highest components of antichiral superfields.
A particularly interesting situation arises if we insist that each flavour
should appear exactly K times. Then (56) requires Nf ≤ Nc. At this point to
simplify our treatment we restrict ourselves to the case K = 1. Since in this
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situation p = Nf , the whole dependence on the bare mass parameters drops
out from the Green function we are considering and we get
G
(Nf ,Nc−Nf )f1,...,fNf
h1,...,hNf
(x1, . . . , xNf ;xNf+1, . . . , xNc) ∝ Λ3Nc−Nf . (57)
We expressly note that the exponent to which Λ is raised in (57) is not only
the physical dimension of G(Nf ,Nc−Nf ), but it also coincides with the first
coefficient of the β-function of SQCD (see the discussion and the formulae in
Sect. 2.4).
Among the Green functions of the type (43) which fulfill the further re-
quirements spelled out in this subsection, we wish to specially mention here
the one relevant in pure SYM where one gets the famous correlator [32, 33]
G(0,Nc)(x1, . . . , xNc) = 〈
g2
32π2
λλ(x1) . . .
g2
32π2
λλ(xNc)〉 . (58)
3.4 The Konishi anomaly
The general need to regularise products of operator fields at the same point is
at the origin of the axial anomaly [34] (see Appendix A) and of the anomalous
contribution that appears in certain supersymmetric anticommutators. Start-
ing from the supersymmetry graded algebra summarised in (37) and (38),
it has been shown in [35] that, after regularisation, in massive SQCD the
following (anomalous) anticommutation relation holds
1
2
√
2
{Q¯α˙, ψ¯fα˙φh(x)} = −mf φ˜fφh(x) +
g2
32π2
λλ(x)δfh , (59)
where besides the naive mf φ˜
fφh(x) term an extra contribution appears. This
relation is what usually goes under the name of “Konishi anomaly”. Clearly,
if the vacuum of the theory is supersymmetric, by taking the v.e.v. of (59)
a proportionality relation between gluino and scalar condensates emerges,
namely
mf 〈φ˜fφf 〉 = g
2
32π2
〈λλ〉 , no sum over f , (60)
besides
〈φ˜fφh〉 = 0 , f 6= h . (61)
4 Instanton calculus
We want to show in this section that the Green functions considered in (57) re-
ceive a non-vanishing computable one-instanton contribution. In other words,
although zero in perturbation theory, they can be exactly evaluated in the
semi-classical approximation by dominating the functional integral with the
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one-instanton saddle-point. A non-trivial result is obtained because the num-
ber of fermionic fields that are inserted in G(Nf ,Nc−Nf ) (either at face value
or at the appropriate order in g) is precisely equal to the number of fermionic
zero modes present in the K = 1 instanton background.
4.1 Instanton calculus in SYM
The computation of the correlator (58) in the semi-classical one-instanton
approximation is not too difficult by using the results we have recollected in
Appendix B (about bosonic zero modes and collective coordinate integration)
and the explicit expression of the 2Nc gluino zero modes that can be found
in Appendix A [4, 20].
We will consider the case of a pure SYM theory with gauge group
SU(Nc)
14. The striking outcome of the calculation (which is based on equa-
tions from (25) to (27)) is that the apparently extremely complicated depen-
dence of the correlator upon the space-time location of the inserted operators
is completely washed out by the bosonic collective coordinate integration and,
as expected, a space-time independent (constant) result is obtained in agree-
ment with the supersymmetric WTI (39). Explicitly one finds [32, 33]
G(0,Nc)(x1, . . . , xNc) = CNc
(
Λ2−loopsSYM
)3Nc
, (62)
where 15
CNc =
2Nc
(3Nc − 1)(Nc − 1)! , (63)
Λ2−loopsSYM = µ e
−8π2/3Ncg2(g2)−1/3 . (64)
Equation (64) follow from the known value of the 2-loop coefficient of the
β-function of the theory and shows that dominating the functional integral
by the semi-classical one-instanton saddle-point gives a (2-loop) RGI answer.
From this result two important consequences can be derived, one concern-
ing the form of the β-function of the theory and the second the structure of
the vacuum.
The SYM β-function
One can argue that the result (64) is valid to all loops in the sense that higher
order power corrections in g are indeed all vanishing. The argument goes as
follows. As we remarked in Appendix B just at the end of the first subsection,
14 For SYM theories with other compact Lie group see [36]
15 The constant CNc differs from the similar constant appearing in (4.9) of [4] by a
factor 2Nc . This mistake was pointed out by various authors [23, 37, 38] and was
the consequence of an erroneous normalisation of the gluino zero modes.
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one can go on with perturbation theory around the instanton background by
expanding in powers of g terms cubic and quartic in the fluctuations, as well
as terms coming from the Faddeev–Popov procedure. One should be finding in
this way logarithmically divergent contributions which would be interpreted
as higher order terms in the Callan–Symanzik β-function. In the present case,
however, no such term can arise because there is no dimensionful quantity with
which we might scale the (would-be) logarithmically divergent µ dependence.
In fact, the only other dimensionful quantities are the relative distances xi−xj
of the operator insertion points. But the supersymmetric WTI (39) prohibits
any such dependence.
We must conclude that in the regularisation and renormalisation scheme
we work and in the background gauge, the Λ parameter is “2-loop exact”.
This observation is equivalent to the result of β-exactness first put forward
in [39], which amounts to say that one has the exact formula
βSYM(g) = − g
3
16π2
3Nc
1− 2g2Nc/16π2 . (65)
Introducing (65) in
−
∫ g(µ)
g(µ0)
dg′
βSYM(g′)
=
∫ µ
µ0
dµ′
µ′
. (66)
one gets, in fact, by a straightforward integration precisely (64). We stress
that no approximation (no expansion in powers of g) has been performed in
the step from (65) to the formula (64).
Equation (65) can be generalised [39] to encompass the case of extended
supersymmetry with N = 1, 2, 4 supercharge multiplets through the simple
formula
βN (g) = − g
3
16π2
(4−N )Nc
1− 2(2−N )g2Nc/16π2 , (67)
which incorporates the known facts that the N = 2 β-function is 1-loop exact
and the N = 4 β-function just vanishes.
The structure of the SYM vacuum
The space-time constancy of the result (64) allows us to compute the expecta-
tion value of the composite operator g2λλ/32π2 by simply imagining that the
separations |xi−xj | are very large. Using clustering, it will be possible to write
G(0,Nc) as the product of the v.e.v.’s of such operators (gluino condensate, in
the following).
The computation is straightforward if the vacuum of the theory is unique.
Here the situation is more complicated because of the very fact that the
gluino condensate is not vanishing. This means, in fact, that the residual
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Z2Nc symmetry of the theory (see Appendix A) is actually spontaneously
broken down to Z2 with the consequence that there are Nc degenerate vacua
in which the theory can live, related by ZNc transformations. Incidentally we
note that this result is perfectly consistent with the prediction based on the
Witten index calculation [40].
In the presence of many equivalent vacua the functional integral yields
non-perturbative results where contributions coming from different vacua are
averaged out. Thus in order to extract useful information from the clustering
properties of the theory one has to take into account this phenomenon and
go through a procedure called “vacuum disentangling” [4,33]. All this simply
means that we should write for G(0,Nc) the formula
G(0,Nc) =
1
Nc
Nc∑
k=1
[〈Ωk| g2
32π2
λλ|Ωk〉
]Nc
, (68)
with the gluino condensates transforming under Z2Nc as
〈Ωk| g
2
32π2
λλ|Ωk〉 = e 2πikNc 〈Ω0| g
2
32π2
λλ|Ω0〉 , k = 1, 2, . . . , Nc . (69)
This equation is telling us that the average in (68) is trivial and we get in the
k-th vacuum
〈Ωk| g
2
32π2
λλ|Ωk〉 = e 2πikNc
(
CNc
)1/Nc(
Λ2−loopsSYM
)3
, k = 1, . . . , Nc . (70)
Discussion of the results
The picture we got from the calculation presented in the previous section
looks rather convincing and physically sound. It perfectly matches all our ex-
pectations and it has been carried out in a clean and rigorous mathematical
way. It is uniquely based on the assumption that Green functions which can
receive contributions only from the K = 1 sector of the theory can be re-
liably computed by dominating the functional integral by the one-instanton
saddle-point. We have also argued that the 2-loop RGI result obtained in the
semi-classical approximation is exact in the sense that it does not get further
perturbative corrections.
Despite all these nice features, it has been argued in the literature that
the method employed to get the result (62) cannot be right because it seems
to encounter a number of problems with other considerations.
(1) The Nc dependence of CNc leads in the ’t Hooft limit (Nc → ∞ with
g2Nc fixed) to an Nc dependence of the gluino condensate (70) that it is
not what one would expect from the fact that the gluinos (together with
the gauge field, Aµ) belong to the adjoint representation of the gauge group.
Taking into account the g2 factor that was introduced in front of the gluino
bilinear, one would naively expect 〈g2λλ〉 ∼ O(g2N2c ) ∼ O(Nc) in the ’t Hooft
limit. From (62) and (63), one finds instead 〈g2λλ〉 ∼ O(g2Nc) ∼ O(1).
Instantons and Supersymmetry 23
(2) In [38] the calculation of G(0,Nc) has been repeated in a fully super-
symmetric formalism and the result summarised in (62), (63) and (64) was
confirmed (up to the correction for the factor 2Nc that we already mentioned).
Interestingly these authors have also been able to extend, in the largeNc limit,
the semi-classical instanton calculation to Green functions which receive con-
tributions from topological sectors with winding numbersK > 1, i.e. to Green
functions with KNc insertions of the gluino bilinear. The result of this calcu-
lation, when clustering is used, is inconsistent with it, because it leads to a
value of the condensate which is not independent of K.
(3) The computation of G(0,Nc) can be indirectly done starting from
the more complicated case where extra massive matter supermultiplets are
added [21,31,41] and then exploit the notion of decoupling [42,43]. We recall
that in a nut-shell decoupling is the property of a local field theory accord-
ing to which when some mass becomes large, the corresponding matter field
disappears from the low energy physics (see Appendix D), modulo possible
consistency conditions resulting from the requirement of anomaly cancella-
tion [44].
From symmetry arguments it is often possible to determine, up to a mul-
tiplicative constant, the form of the effective superpotential of the enlarged
theory in terms of the relevant composite operators (see Sect. 5). Then con-
sistency arguments, following from sending to infinity each mass successively,
supplemented by “constrained instanton” calculations (see next paragraph),
can be used to determine this constant (see Sect. 5.2). Clearly checking its
value is important for the self-consistency and the reliability of the various
approaches (see point (1)) above). One finds that, if computed by looking at
the effective superpotential calculations, the value of this constant does not
agree with what one can deduce from the formulae (62) to (64). Of course
the comparison was done after having properly matched the RGI parameters
associated with the different regularisations employed in the various calcu-
lations [23]. For instance, in the SU(2) case one finds from the equations
in Sect. 4.1 C2 = 4/5 instead of the result C2 = 1 one would obtain from
decoupling arguments.
Despite a lot of work in the years that followed these findings, there
is no clear understanding of why there are such discrepancies and where
they come from. One line of arguments [21, 31, 45, 46], first prompted by
the results described in (3), relies on the observation that when scalar fields
are present other quasi-saddle-points exist, in which scalar fields get a non-
vanishing v.e.v., which should be taken as background configurations in the
semi-classical calculation of Green functions. In fact, the (partial or full) break-
ing of the gauge symmetry leads in the limit of very large v.e.v.’s to a weakly
coupled theory, where semi-classical instanton calculations are expected to
be reliable. In this context the non-trivial problem arising from the fact that
in the presence of non-vanishing scalar v.e.v.’s the SQCD e.o.m. have no so-
lution (owing precisely to the nature of the scalar boundary conditions) is
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circumvented by making recourse to the so-called “constrained instanton”
method [47] 16.
It is not completely clear to us whether the constrained instanton method
(sometimes also called the “weak coupling instanton” (WCI) method, from
which the nick-name “strong coupling instanton” (SCI) method was in oppo-
sition attributed to the approach described in Sect. 4.1 and further employed
in Sect. 4.2 below) can be considered as a completely satisfactory solution to
the problems listed above. We now want to briefly discuss this question by
illustrating some pro’s and con’s of the two approaches.
• Certainly, if one accepts the WCI computational strategy, the problem
mentioned in (1) disappears. As for the question of consistency with clustering
(point (2) above), to date no check of the kind done in [38] was carried out.
Finally we do not see a really rigorous way to decide on the basis of the
present knowledge whether
√
C2 = 2/
√
5 or
√
C2 = 1 is the correct answer for
the constant in front of the gluino condensate. One possibility to settle this
question could be to make recourse to a lattice formulation of SYM [48] and
directly measure in Monte Carlo simulations the gluino condensate. Up to now
unfortunately severe technical difficulties have prevented such a measurement.
For a recent review on the subject of supersymmetry on the lattice see [49].
• The whole idea of working in the Higgs phase of SQCD comes from
the key observation that, in the massless limit, the superpotential possesses
a complicated vacuum manifold (see Appendix E). It is customary in the
literature to speak about “flat directions” [21, 31, 50], i.e. constant values of
the scalar fields along which the D-term vanishes. It is in this situation that
all the explicit WCI calculations have been carried out 17. Despite the fact
that explicit instanton calculations have been carried out in the massless limit,
their results and implications have been employed in the massive case. In this
context it should be noted that the massless limit of the massive SQCD theory
is a very delicate one. For instance, as we shall see, the SCI approach gives
results in the massive case that, when extrapolated to vanishing mass, are not
consistent with results directly obtained in the massless theory. This feature
finds a natural explanation in the infrared structure of the theory which is
such that the massless limit of the massive theory does not coincide with the
strictly massless situation [43].
• TheWCI approach has found its most successful application in predicting
the non-perturbative expansion coefficients of the SW [51] expression for the
effective prepotential of the N = 2 SYM theory (see Sect. 9).
16 The theoretical foundation of the method is somewhat delicate (it relies on intro-
ducing in the functional integral a suitable “constraint” which breaks the inte-
gration measure into sectors of well defined instanton scale size) and its technical
implementation requires a number of non-trivial mathematical steps. Its presenta-
tion is beyond the scope of this review, but can be found in the original literature.
We recommend to the reader the nice work of [23].
17 Besides the original papers in [45], the basic work from which all the old WCI
calculations make reference to is the paper quoted in [23].
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• On the other hand in N = 4 SYM, despite the fact that there are
flat directions for the scalar potential, no scalar v.e.v.’s are assumed to be
generated (as a non-vanishing v.e.v. would break the (super)conformal invari-
ance of the theory) and all instanton calculations are performed in the SCI
way we described in Sect. 4.1. Actually in N = 4 there is no running of the
gauge coupling (67) and one can always think that calculations are done at
infinitesimally small values of g. Thus non-perturbative instanton calculations
in N = 4 SYM do not seem to fall under the criticisms raised for the N = 1
and N = 2 cases (see Sects. 14-15).
4.2 Instanton calculus in SQCD
In this section we move to SQCD. The action of SQCD is obtained by cou-
pling (in a gauge invariant and supersymmetric way) to the SYM supermul-
tiplet Nf pairs of matter chiral superfields, Φ
r
f and Φ˜
f
r (f = 1, 2, . . . , Nf ,
r = 1, 2, . . . , Nc) belonging, respectively, to the Nc and N¯c representation of
the gauge group (see Appendix A for some detail and [36] for an extension
of these considerations to theories with different gauge groups and matter
content).
We want to identify and compute, according to the strategy developed in
Sect. 4.1 to deal with SYM, the Green functions that, besides being space-
time constant, can be reliably evaluated by dominating the functional integral
with the one-instanton saddle-point. We shall start by analysing the massive
case, where the further information provided to us by the Konishi anomaly
relation [35] can be exploited and will allow to determine both the gluino
and the scalar matter condensates and check the internal consistency of our
calculations. In Sect. 4.2 we will discuss the puzzling features that arise when
the limit m→ 0 is taken.
Massive SQCD
Already looking at the general results derived in Sect. 3.2 about the mass de-
pendence of Green functions with only lowest components of chiral superfields,
we see that their small mass limit is rather delicate, as infrared divergences
seem to arise. To avoid hitting this difficulty we start by limiting the use of
instanton calculus to the computation of the correlators that according to (53)
are mass independent. Among those we will concentrate here on the following
three (see (57))
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A) F (0,Nc)(x1, . . . , xNc) =
Nf∏
f=1
∂
∂mf
G(0,Nc)(x1, . . . , xNc) =
=
Nf∏
f=1
∂
∂mf
〈 g
2
32π2
λλ(x1) . . .
g2
32π2
λλ(xNc)〉 , (71)
B) G(Nf ,Nc−Nf )(x1, . . . , xNc) =
= 〈φ˜1φ1(x1) . . . φ˜NfφNf (xNf )
g2
32π2
λλ(xNf+1) . . .
g2
32π2
λλ(xNc )〉 , (72)
and, in the particular case Nf = Nc,
C) D(x, x′) = 〈detφ(x)detφ˜(x′)〉 , (73)
detφ =
1
Nc!
ǫf1,...,fNf ǫr1,...,rNcφ
r1
f1
, . . . , φ
rNc
fNf
, (74)
det φ˜ =
1
Nc!
ǫf1,...,fNf ǫ
r1,...,rNc φ˜f1r1 , . . . , φ˜
fNf
rNc , (75)
(A) Let us start the discussion with F (0,Nc). We notice that it contains
exactly the number of gluino fields necessary to match the number of zero
modes that the theory possesses in the K = 1 sector. We recall that, since at
the moment we are considering the case in which the matter is massive, no
zero modes associated with matter Weyl operators exist. In this situation we
can safely compute the functional integral which defines the above correlator
by dominating it with the one-instanton saddle-point. The calculation goes
through the following steps.
1) Every factor ∂/∂mf can be replaced by the insertion of the action mass
term
∂
∂mf
→
∫
d4x
[
ψ˜fψf (x) +m
∗
f (φ
∗fφf (x) + φ˜f φ˜∗f (x))
]
, (76)
2) which, after integration over the matter supermultiplets, becomes
|mf |2
µ
Tr
[ 2
D2 − |mf |2 − tr
( 1
6D 6D − |mf |2
)]
. (77)
It is understood that the covariant operators 6D andD2 in (77) are computed in
the one-instanton background field. The multiplicative mass factors in front of
the trace have the following origin: i) the termm∗f comes from the expression of
the matter propagators; ii) the ratiomf/µ comes from what is left out from the
ratio between the determinant of the matter Weyl operator and its regulator,
after the supersymmetric cancellation of the non-zero mode contribution has
been taken care of.
3) A cancellation of modes also takes place between the two terms in (77).
Only the fermionic mode with eigenvalue mf (i.e. the zero mode in the mass-
less limit) contributes and one simply gets
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∂
∂mf
→ |mf |
2
µ
1
|mf |2 =
1
µ
. (78)
4) At this point the functional integration with respect to the gauge su-
permultiplet fields remains to be done. Since the sole effect of the matter
integration is to yield the factor µ−Nf , we are left with exactly the same
calculation we did in Sect. 4.1. We thus get
F (0,Nc)(x1, . . . , xNc) = CNc
(Λ1−loopSQCD )
3Nc−Nf
g2Nc
, (79)
from which, by integrating with respect to mf , f = 1, . . . , Nf , we obtain
G(0,Nc)(x1, . . . , xNc) = CNc
(Λ1−loopSQCD )
3Nc−Nf
g2Nc
Nf∏
f=1
mf . (80)
Two observations are in order here. First of all, by taking the Nc-th root of
the above expression, one can determine the value of the gluino condensate in
massive SQCD. One finds
〈Ωk| g
2
32π2
λλ|Ωk〉 = e 2πikNc
(
CNc
(
Λ1−loopSQCD
)3Nc−Nf 1
g2Nc
Nf∏
f=1
mf
)1/Nc
, (81)
which shows that, as in SYM, the discrete Z2Nc symmetry is spontaneously
broken down to Z2, living behind an Nc-fold vacuum degeneracy. This is the
expected result, since the presence of massive fields cannot modify the value
of the Witten index [40].
Secondly, it can be checked that the formulae (80) and (81) define 2-loop
RGI quantities, as it follows from the known expressions of the β and γm
functions of the theory. Through O(g5) and O(g2) they read, respectively
βSQCD=− g
3
16π2
(3Nc −Nf )+ g
5
(16π2)2
(−6N2c + 4NcNf − 2
Nf
Nc
) + O(g7) , (82)
γm = − g
2
8π2
N2c − 1
Nc
+O(g4) . (83)
Actually it has been argued [39] that the following “exact” formula holds
βSQCD(g) = − g
3
16π2
− 3Nc −Nf [1− γm(g)]
1− 2g2Nc/16π2 , (84)
which generalises (65) to the SQCD case. Formula (84) perfectly fits with the
previous ones to the order they are known and renders the expressions (80)
and (81) RGI quantities to all orders.
(B) The computation of the correlator (72) is much more subtle. First of
all one notices that it vanishes to lowest order in g because at the instanton
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saddle-point φf = φ˜
f = 0. Secondly the number of inserted gluino fields
does not appear to match the number of the existing zero modes. Finally the
matter functional integration requires the knowledge of the massive fermion
and scalar propagators, (6D 6D − |m|2)−1 and (D2 − |m|2)−1, in the instanton
background which is not available in closed form.
The first and second problems are solved by observing that the integration
over the scalar matter fields amounts to substituting φf and φ˜
f with the
solutions of their classical e.o.m., which schematically read
φf = −i
√
2g (D2 − |mf |2)−1λψf , (85)
φ˜f = i
√
2g (D˜2 − |mf |2)−1ψ˜fλ . (86)
One easily checks that, at the expenses of going to higher order in g, in this
fashion one ends up having the right number of inserted gluino fields.
As for the last problem, we start by observing that the integration over the
matter fermions has the effect of replacing for each flavour the ψ˜f (x)ψf (x
′)
product with the corresponding fermionic propagator in the instanton back-
ground. After the matter integration one thus arrives at an extremely compli-
cated integral over the collective instanton coordinates, where the unknown
fermion and scalar background propagators appear. In order to proceed with
the calculation we notice that the instanton semi-classical approximation re-
spects supersymmetry and that consequently the correlators we are consider-
ing will come out to be constant in space-time and mass independent, as shown
in Sect. 3. The idea is then to perform the residual computation in the limit
of very large masses (more precisely in the limit mf ≫ |xi−xj |−1 ≫ ΛSQCD),
where the fermion and scalar background propagators tend to their free-field
expression. One ends up in this way with feasible integrals which yield the
result (compare with (80))
G(Nf ,Nc−Nf)(x1, . . . , xNc) = CNc
(Λ1−loopSQCD )
3Nc−Nf
g2Nc
. (87)
We remark that this quantity is not RGI as it stands. To make it RGI we
must renormalise the scalar fields. One way of doing this is to multiply both
sides of (87) by the factor
∏
f mf .
(C) The computational strategy outlined above leads for the correlator (73)
to the simple result
D(x, x′) = 0 . (88)
From the results (81) and (87) one can compute both the gluino and the
scalar condensates. Recalling (82) and (83), one gets
〈Ωk|mf φ˜fφf |Ωk〉 = 〈Ωk| g
2
32π2
λλ|Ωk〉 =
= e
2πik
Nc
(
CNc
(
Λ2−loopSQCD
)3Nc−Nf Nf∏
f=1
mˆ1−loopf
)1/Nc
. (89)
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Furthermore, one can derive the relations [4, 26]
〈Ωk|φ˜fφh|Ωk〉 = 0 , f 6= h , (90)
〈Ωk|det φ˜|Ωk〉 = 〈Ωk|detφ|Ωk〉 = 0 . (91)
All these results (see (89) to (91)) are fully consistent with the WTI’s of super-
symmetry and with (60) and (61) implied by the Konishi anomaly relation [4].
The important conclusion of this thorough analysis is that the non-
renormalisation theorems [52] of supersymmetry are violated by instanton
effects as it results from the fact that chiral (composite) operators acquire non-
vanishing v.e.v.’s, while they are identically zero at the perturbative level. One
way of understanding this surprising finding in the language of the effective
theory approach of Sect. 5 is to say that instantons generate a contribution
to the effective superpotential which is non-perturbative in nature.
Massless SQCD
We now consider the strictly massless (mf = 0, f = 1, . . . , Nf ) SQCD theory.
From the formulae we derived in the previous sections it should be already
clear that the limit mf → 0 is not smooth. Indeed, we will see that a straight-
forward application of the instanton calculus rules, that we have developed in
the massive case, to massless SQCD leads to results that do not agree with
the massless limit of the massive formulae.
The origin of this discrepancy is not completely clear. As we said, one
possibility is that the mf → 0 limit of the massive theory does not coin-
cide with the strictly massless theory, as a consequence of the fact that the
small mass limit of massive SQCD is plagued by infrared divergences. Besides
the divergences encountered if the massless limit of (89) is taken, a simple
analysis shows, in fact, that a (naive) small |mf |2 Taylor expansion gives
raise to |mf |2 × 1/|mf |2 contributions that would be absent in the strictly
massless SQCD theory. Another possibility, strongly advocated in refs. [32]
and [21, 31], is related to the observation that in the absence of mass terms
the matter superpotential has a huge manifold of flat directions along which
the exponential of the action does not provide any damping. In this situa-
tion it is not at all clear that the instanton solution (24) can be taken as the
configuration which dominates the functional integral. Other types of quasi
saddle-points, where scalar fields take a non-zero v.e.v., may be also relevant.
The strategy suggested by these authors to deal with this situation will be
discussed in Sect. 5. Here we want to first show what sort of results follow
when the massive instanton calculus developed in Sect. 4.2 is blindly applied
to massless SQCD.
The Green functions that have the correct number of fermionic zero modes
in the one-instanton background are restricted to
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•G(Nf ,Nc−Nf ){f}{h} (x1, . . . , xNc) = for Nc ≥ Nf (92)
= 〈φ˜f1φh1(x1) . . . φ˜fNf φhNf (xNf )
g2
32π2
λλ(xNf+1) . . .
g2
32π2
λλ(xNc)〉 ,
•D(x, x′) = 〈det[φ˜(x)]det[φ˜(x′)]〉 , for Nc = Nf , (93)
because now there exist zero modes also for the matter fermions, ψ˜f and
ψf . A non-vanishing result is obtained if for each scalar field an appropri-
ate Yukawa interaction term is brought down from the action. In this way
2Nc gluino zero modes, λ0, together with the fermionic matter zero modes,
ψ˜f0 and ψ0f , f = 1, . . . , Nf , will appear simultaneously. At the same time,
when scalars are contracted in pairs, the scalar propagator in the instanton
background, (D2)−1 or (D˜2)−1, is generated which will act on the product
λ0ψ0 or ψ˜0λ0, respectively. Unlike the massive case, closed expressions for
(D2)−1 and (D˜2)−1 exist which allows to explicitly compute the form of the
“induced scalar modes”, by solving the field equations D2φ + ig
√
2λ0ψ0 = 0
and D˜2φ˜− ig√2ψ˜0λ0 = 0, respectively.
The problem with the SCI computational strategy we have briefly de-
scribed can already be seen by taking, for simplicity the case Nc = 2 and
Nf = 1. In massless SQCD (after correcting for the usual factor 2
Nc with
respect to result quoted in [4]), one gets
〈φ˜φ(x1) g
2
32π2
λλ(x2)〉
∣∣
m=0
=
1
2
(Λ1−loop2,1 )
5
g4
, (94)
while for the same Green function in the massive case we got (see (87))
〈φ˜φ(x1) g
2
32π2
λλ(x2)〉
∣∣
m 6=0 =
4
5
(Λ1−loop2,1 )
5
g4
. (95)
Apart from the numerical discrepancy visible between (94) and (95), what
is more disturbing is that (94) is in conflict with the Konishi anomaly re-
lation (60), which in the massless regime (and using clustering) implies the
vanishing of the gluino condensate. An alternative to this conclusion would
be to say that the scalar condensate can be infinite in massless SQCD (see
the discussion in Sect. 5.2).
Notice that for Nf > 1 the massless SQCD action possesses a non-
anomalous SUL(Nf )×SUR(Nf )×UV (1)×UAˆ(1) symmetry (see (539)). This
means that in extracting the scalar condensates a vacuum disentangling step
analogous to the one performed in Sect. 4.1 is necessary. Proceeding in this
way, one again finds results for the condensates that do not agree with what
was found in the massive case.
Also the result for the correlator (93) is at variance with (88). We now
find D(x, x′) 6= 0, which implies (no disentangling is necessary here, as detφ
and detφ˜ are invariant under the chiral flavour group)
〈det φ˜〉 6= 0 , 〈detφ〉 6= 0 , (96)
signaling the spontaneous breaking of the UV (1) symmetry.
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4.3 The case of chiral theories
In this section we wish to discuss the very interesting case of supersymmetric
theories of the Georgi–Glashow type [53], where matter fermions are chiral.
There is a quite remarkable literature on the subject. A selection of useful
papers can be found in refs. [4, 31, 54–56].
In this review we will limit to consider SU(Nc) gauge theories with matter
in the fundamental, Nc, and antisymmetric, Nc(Nc − 1)/2, representation.
We recall that gauge anomaly cancellation requires the number of fundamen-
tals, nfund, and antisymmetric, nanti ≡M , representations to be related by
nfund =M(Nc − 4) . (97)
The resulting β-function
βGG = − g
2
8π2
[3(Nc +M)−MNc] + O(g5) (98)
implies asymptotic freedom if M < 3Nc/(Nc − 3).
The composite operators that, besides g2λλ/32π2, come into play are
generically constructed in terms of the lowest components of the chiral matter
superfields for which we introduce the notation
ΦIr , I = 1, 2, . . . , nfund ,
Xrsi = −Xsri , r, s = 1, 2, . . . , Nc , i = 1, 2, . . . ,M .
(99)
Non-perturbative calculations are of special importance here, as Witten
index arguments have so far been unable to make any definite statement
about the nature of the vacua of the theory. Actually a variety of scenarios
turn out to be realised according to the specific matter content of the action
that can be summarised as follows.
(I) Unbroken supersymmetry with well defined vacua [31,54]. One such ex-
ample is the SU(6) case with M = 1 and correspondingly nfund = 2. The
allowed superpotential possesses no flat directions and the unique perturba-
tive vacuum is at vanishing values of the scalar fields. There exist instanton
dominated (constant) Green functions which upon using clustering give results
in perfect agreement with the constraints coming from the Konishi anomaly
relations. One finds that the discrete Z30 symmetry is spontaneously broken
down to Z6, leaving behind 30/6=5 well defined supersymmetric vacua. We
remark that here, unlike SYM and SQCD, the number of vacua is not equal
to Nc. It should be noted that in this example vacuum disentangling can be
trivially carried out.
A more delicate situation occurs if we double the number of families, i.e.
if we take M = 2 [56], because a non-trivial vacuum disentangling over the
transformations of the complexification of the global symmetry group SU(4)×
SU(2) is necessary here. When this is done, results from instanton calculations
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allow to determine all the condensates. In particular one finds that the discrete
Z12 symmetry group is spontaneously broken down to Z3, leaving behind
12/3=4 well defined supersymmetric vacua. The interesting observation is that
in this theory also the relations entailed by the Konishi anomaly equations
allow to completely compute all the condensates. Reassuringly the two sets of
results turn out to be in perfect agreement. For a discussion of these results
from the complementary effective action point of view see Sect. 5.3.
In both the above cases when the superpotential is switched off the vacuum
becomes ill defined, because in this limit necessarily some of the condensates
must “run away” to infinity. This is due to the fact that the relations among
condensates involve (inverse) factors of the Yukawa couplings.
(II) Unbroken supersymmetry with ill defined vacua. This situation occurs
in theories based on a SU(Nc) gauge group with Nc even and larger than
8. Also in the presence of a non-vanishing superpotential, one finds that,
in order to reconcile instanton results with the implication of the Konishi
anomaly relations, one has to assume that some of the scalar condensates run
away to infinity [56]. Such a result is seen to be related to the existence of
flat directions in the superpotential. In this respect the situation is similar
to massless SQCD, where we had at the same time flat directions in the
superpotential and infinite scalar condensate in order to avoid contradictory
results between instanton calculations and the Konishi anomaly equation.
(III) Spontaneously broken supersymmetry. This conclusion indirectly
arises in Georgi–Glashow type models in which the gauge group is SU(Nc)
with Nc odd, because of conflicting constraints between instanton calculations
and relations implied by the Konishi anomaly equation. Several specific cases
have been considered in the literature. We list here some interesting examples.
1. Nc = 5, M = 1 and consequently nfund = 1. Although in this case no su-
perpotential can be constructed, it can be shown that the theory does not
admit any perturbative flat direction [31]. Because of the absence of super-
potential the Konishi anomaly relations imply that the gluino condensate
must vanish. When this result is put together with the non-perturbative
calculations of certain instanton dominated Green functions [4,54], one is
led to the conclusion that the involved scalar condensate cannot take a
finite value, if clustering is used and the vacuum is supersymmetric. The
wandering to infinity of the scalar condensate in the absence of flat direc-
tions looks highly implausible and one should rather conclude that there
is a dynamical breaking of supersymmetry owing to non-perturbative in-
stanton effects.
2. Nc = 5, M = 2 and consequently nfund = 2. This time the theory admits
a superpotential but still no flat directions exist. Unlike the previous case,
from the Konishi anomaly equations one can prove that all condensates
must vanish. This is in contradiction with the non-vanishing result given
by the instanton calculation of the Green function where the product
of these condensates appear, if clustering is invoked and the vacuum is
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supersymmetric. The most tempting conclusion is that supersymmetry is
dynamically broken. One might object to this conclusion that actually
the instanton calculation is performed in the absence of a superpotential,
i.e. in a situation where disentangling is necessary and flat directions are
present. This should not be a problem, however, because, unlike the case
of the mass dependence, one expects the limit in which the superpotential
coupling vanishes to be a smooth one. For a discussion of these results
from the complementary effective action point of view see Sect. 5.3.
3. Nc ≥ 7, M = 1. There exist many instanton dominated Green functions
which, after vacuum disentangling, yield an overdetermined set of relations
for the condensates [56]. One can solve the resulting equations finding full
consistency with clustering. However, the Konishi anomaly equations are
such as to imply the vanishing of several condensates and thus through
instanton results the run away of others. Because no (perturbative) flat
directions exist in these models, one is led again to conclude that super-
symmetry is spontaneously broken.
5 The effective action approach
Symmetry properties of the action in the form of anomalous and non-
anomalous WTI’s together with explicit dynamical (instanton) calculations
have taught us a lot about the nature of supersymmetric N = 1 theories. A
very useful and elegant way to recollect all these results is to make recourse to
the notion of “effective”, or “low energy”, action (sometimes also referred to
as “effective Lagrangian”). This notion, though with slightly different mean-
ings and realm of application, has a long history. It was first introduced in
the papers of [27], as a way of compactly deriving the soft pion theorems of
Current Algebra, then fully developed for QCD with the inclusion of the η′
meson and the UA(1) anomaly in the works quoted in refs. [57] and [28]. A
parallel road was opened by Symanzik [58] to deal with the lattice regularisa-
tion of QCD, which turned out to be crucial for understanding the approach
to the continuum of the lattice theory.
The extension of these ideas to supersymmetric theories was first proposed
in refs. [29, 30], where the cases of N = 1 pure SYM and SQCD were consid-
ered, and then expanded to a field of investigation of its own in [21, 37, 41].
Some review papers on the subject can be found in [59].
Effective actions for all the theories we have discussed in the previous
sections have been constructed and many interesting results have been ob-
tained. In the following we want to briefly review what was done with the
main purpose of comparing with instanton results.
5.1 The effective action of SYM
The first step along the way of constructing the effective action, Γeff , describ-
ing the low energy dynamics of a theory is to identify the degrees of freedom
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relevant in the energy regime E ≪ Λ, where Λ is the theory RGI mass scale.
In the pure SYM case, where confinement seems to hold, the obvious degrees
of freedom can be collected in the (dimension three) superfield
S =
g2
16π2
Tr(WαWα) , (100)
whose lowest component is precisely the gluino composite operator (41).
The second step is the observation that the interesting piece of Γ SYMeff
is not so much its kinetic contribution (a D-term which is non-holomorphic
in S and reduces to the standard kinetic terms as g → 0), but rather the
F -term which provides the correct anomalous transformation properties of
the effective action. In the present case it is enough and convenient to make
reference to the UR(1) symmetry (see (536)) to fix the form of this term,
which is often referred to with the name of “effective superpotential” in the
literature.
Recalling the UR(1) transformation properties of the superfield S (see
Table in Appendix A)
S(x, θ)→ e3iαS(x, θe−3iα/2) , (101)
we are led to write for the full effective action the formula
Γ SYMeff;Nc = Γ
SYM
kin (S, S
∗) +
[
W SYMeff;Nc(S) + h.c.
]
. (102)
where
Γ SYMkin (S, S
∗) = k
[
(S∗S)1/3
]
D
, (103)
W SYMeff;Nc(S) = −
[
S
(
log
SNc
(cΛSYM)3Nc
−Nc
)]
F
. (104)
In the above equations we used the short-hand notation
[(
. . .
)]
F
≡
∫
d4xd2θ
(
. . .
)
,
[(
. . .
)]
D
≡
∫
d4xd2θ d2θ¯
(
. . .
)
. (105)
The expression of Γ SYMkin (S, S
∗) in (103) is in no way unique. It is only an
example of a functional having the property that (with a suitable choice of
the constant k) it reproduces the standard form of the kinetic term in the limit
g → 0. The other constant c cannot be fixed by symmetry considerations only.
A way of determining its value will be discussed in Sect. 5.2. Equation (104)
is the famous Veneziano–Yankielowicz effective action [29].
It is not difficult to prove that the second term in (102) has the desired
transformation properties under UR(1) (see (537)). From (101) we get in fact
(the x-dependence and the corresponding space-time integration is under-
stood)
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•
∫
d2θ S(θ)→ e3iα
∫
d2θ S(x, θe−3iα/2) =
=
∫
d2(θe−3iα/2)S(θe−3iα/2) =
∫
d2θ S(θ) , (106)
•
∫
d2θ S(θ) logS(x, θ)→ e3iα
∫
d2θ S(θe−3iα/2)
(
3iα+ logS(θe−3iα/2)
)
=
= 3iα
∫
d2(θe−3iα/2)S(θe−3iα/2) +
∫
d2(θe−3iα)S(θe−3iα) logS(θe−3iα/2) =
= 3iα
∫
d2θ S(θ) +
∫
d2θ S(θ) log S(θ) . (107)
Useful information about the non-perturbative properties of the theory can be
obtained from the formula (102) by determining the values of S which make
Γ SYMeff stationary. These are constant field configurations which minimise the
effective action. Thus they yield the values of the v.e.v. of the gluino composite
operator (gluino condensate). From (102) one gets the result
〈S〉 = (cΛSYM)3e2iπk/Nc , k = 1, . . . , Nc . (108)
If c3 is identified with (CNc)
1/Nc , then (108) becomes identical to (70). How-
ever, in connection with the comments we made in Sect. 4.1, we must remark
here that there is a discrepancy between the number given by the above iden-
tification and the choice c = 1 made in refs. [23, 31, 59]. The latter can be
justified in the framework of the SQCD effective action approach, if in con-
junction with WCI calculations, certain consistency relations following from
decoupling (see Sect. 5.2) are employed.
A crystal clear way to resolve this puzzling discrepancy would be to arrive
at an evaluation of the SYM effective action from first principles, i.e. a´ la
Wilson–Polchinski [60]. Many efforts have been made in this direction and
a lot of interesting results have been obtained [61] insisting on the role of
anomalies [35,62] in the construction of the Wilsonian action. A different and
perhaps more promising road has been recently undertaken which uses the
matrix model formulation of SYM [63]. In this framework the form of the
effective action could be derived [64, 65] and the result c = 1 was obtained.
5.2 The effective action of SQCD
For the purpose of extending the previous considerations to SQCD it is conve-
nient to distinguish among the three cases Nc > Nf , Nc = Nf and Nc < Nf
and separately discuss the massive and the massless situation.
SQCD with Nc > Nf
• The massive case
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The generalisation of the previous formulae to massive SQCD is almost
immediate if one includes among the degrees of freedom that describe the low
energy dynamics of the theory also the composite operators (42)
T fh = φ˜
f
r (x)φ
r
h(x) . (109)
Apart from the unessential (for this discussion) kinetic terms, one finds that
the formula which extends (102) is
Γ SQCDeff;Nc,Nf (S, S
∗;T, T ∗) = (110)
= Γ SQCDkin (S, S
∗;T, T ∗) +
[
W SQCDeff;Nc,Nf (S;T ) + h.c.
]
,
W SQCDeff;Nc,Nf (S;T ) = (111)
=
[
− S( log SNc−NfdetT
(c′ΛSQCD)3Nc−Nf
− (Nc −Nf )
)
+
∑
f
mfT
f
f
]
F
.
As before, the constant c′ cannot be fixed by symmetry considerations only.
We will discuss the important issue of determining its precise value below. The
minimisation conditions (also called F -flatness conditions) allow to determine
all the condensates and one finds 18
〈S〉 = e 2iπkNc (c′ΛSQCD)3
Nf∏
f=1
( mf
c′ΛSQCD
)1/Nc
, k = 1, . . . , Nc , (112)
〈T fh 〉 = δfh
〈S〉
mf
, (113)
viz. the same results that were obtained in (89) up to the normalisation of
the Λ parameter.
Equation (111) has a number of nice properties.
1) It is mathematically meaningful not only for Nc > Nf , where instanton
calculations are feasible, but for any value of Nc and Nf , except Nc = Nf .
Actually in the last case a further composite operator has to come into play,
as already hinted at by the results of Sects. 4.2 and 4.2. We will discuss in
detail this case below.
2) It obeys the expected decoupling theorem in the sense that when one
of the flavours gets infinitely massive, (111) precisely turns into the effective
action for the theory with one less flavour, in which that particular flavour
is absent, provided the Λ parameters of the two theories, Λ
Nf
SQCD and Λ
Nf−1
SQCD,
are matched as described in Appendix D.
3) The massive S field can be “integrated out”, leaving a pure matter
effective superpotential
18 We recall the elementary formula d log[detT ]/dT fh = (T
−1)hf .
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W SQCDeff;Nc,Nf (T ) =
=
[
(Nc −Nf )
((c′ΛSQCD)3Nc−Nf
detT
) 1
(Nc−Nf ) +
∑
f
mfT
f
f
]
F
, (114)
which coincides with the Affleck–Dine–Seiberg [21] effective superpotential.
One has to remark, however, that the last formula is only meaningful for
Nc > Nf .
• The massless case
The discussion of the massless case is quite delicate (and controversial).
This is to be expected looking at the results of the dynamical instanton cal-
culations presented in Sect. 4.2, which showed conflicting findings for the
condensates when the massless limit of the massive results were compared to
what one gets in the strictly massless case.
Let us now see what are the implications of the massless SQCD effective
action from using the formulae (111) or (114). If we start from (111), we con-
clude that, when any of the masses is sent to zero, the gluino condensate must
be taken to vanish for consistency with (112), while (113) does not contain suf-
ficient information to determine any of the scalar condensates 〈T fh 〉. If on the
contrary all the masses are set to zero from the beginning, as was done in [31],
and (114) is used, one must conclude that the scalar condensates run away
to infinity as the potential generated by the massless effective action (114)
monotonically decreases to zero in this limit.
SQCD with Nc = Nf
When Nf = Nc new composite operators can be constructed which must ap-
pear among the fields of the effective action. They are the determinants,X and
X˜, over colour and flavour indices of the matter fields, whose lowest compo-
nents are shown in (74) and (75). The need for new field operators is confirmed
by the observation that the action (110) does not contain a sufficiently large
number of massless fermions to satisfy the ’t Hooft anomaly matching condi-
tions [41, 44, 59] associated with the non-anomalous UAˆ(1) symmetry defined
by (538) and (539) (see also Table in Appendix A).
• The massive case
The most general form of effective action is
Γ SQCDeff (S, S
∗;T, T ∗;X, X˜) = Γ SQCDkin (S, S
∗;T, T ∗;X, X˜) + (115)
+
[
− S( log detT
(c′′ΛSQCD)2Nc
+ f(Z)
)
+
∑
f
mfT
f
f + h.c.
]
F
,
where f(Z) is a function of the ratio Z = XX˜/detT . For mf 6= 0 (all f) the
stationarity conditions lead to the equations
38 Massimo Bianchi, Stefano Kovacs, and Giancarlo Rossi
log
detT
(c′′ΛSQCD)2Nc
+ f(Z) = 0 , (116)
mfδ
f
h = S
[
1− Z ∂f(Z)
∂Z
]
(T−1)hf , (117)
S
∂f(Z)
∂Z
X˜
detT
= 0 , (118)
S
∂f(Z)
∂Z
X
detT
= 0 , (119)
which have the solution
〈X〉=〈X˜〉=0 , (120)
mf 〈T fh 〉=δfh〈S〉 , (121)
〈detT 〉=e−f(0)c′′(ΛSQCD)2Nc , (122)
a result with exactly the same structure as (89)-(91).
• The massless case
The massless case is, as usual, more subtle. Besides 〈S〉 = 0 (as implied
by the massless limit of the Konishi anomaly equation (121)), by varying the
effective action with respect to S one still gets the constraint
log
detT
(c′′ΛSQCD)2Nc
+ f(Z) = 0 , (123)
which (if f(Z) 6= 0) only fixes one combination of 〈X〉, 〈X˜〉 and 〈detT 〉, leaving
the other two undetermined. This can be interpreted as the equivalent of the
statement that for Nf = Nc and mf = 0 the perturbative flat directions are
not (all) removed, so vacua with arbitrarily large values of these condensates
can occur. The effective action vanishes at the minimum and one is only left
with the constraint (123).
The explicit form of this constraint was worked out in [41] with the con-
clusion that the classical relation detT = XX˜ is lifted by quantum correction
to the formula
detT −XX˜ = (ΛSQCD)2Nc . (124)
This was the first example of a by now well known phenomenon (see Sect. 8)
according to which the quantum theory can display a whole manifold of (de-
generate) vacuum states where supersymmetry is unbroken. It is a complex
Ka¨hler manifold (often called the “quantum moduli space”,M) to which the
point representing the classical vacuum not always belongs. We end this dis-
cussion by noticing that the constraint (124) can also be derived by a massless
effective action of the type (115) if one simply takes
f(Z) = log(1− Z) . (125)
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SQCD with Nf > Nc
In this case neither dynamical instanton calculations are possible (see our dis-
cussion in Sect. 4) nor the general considerations of [31] apply. In principle
one can imagine to go on with the effective action approach, guided by infor-
mation on the relevant low energy degrees of freedom provided by the ’t Hooft
anomaly matching conditions.
• For instance, in the case Nf = Nc + 1 the two baryon-like superfields
Bf = ǫff1f2...fNc ǫr1r2...rNcΦ
r1
f1
Φr2f2 . . . Φ
rNc
fNc
, (126)
B˜f = ǫff1f2...fNc ǫ
r1r2...rNc Φ¯f1r1 Φ¯
f2
r2 . . . Φ¯
fNc
rNc . (127)
must come into play in order to fulfill such conditions. They can combine with
T fh to give the term B
fT hf B¯h in the effective action. The whole expression of
the latter can then be argued to have the form
Γ SQCDeff = Γ
SQCD
kin +
[detT −BfT hf B˜h
(ΛSQCD)b1
+ h.c.
]
F
, (128)
where b1 = 3Nc−Nf = 2Nc−1. As a consistency check, it can be shown that,
if the Nf + 1-th flavour is given a mass and decoupled, then the situation we
described in the previous subsection where we had Nf = Nc is recovered.
It is interesting to remark that by solving the F -flatness equations implied
by the effective action (128), one finds that, unlike the caseNf = Nc, the point
corresponding to the classical vacuum 〈T hf 〉 = 〈Bf 〉 = 〈B˜h〉 = 0 belongs to the
moduli space of the theory. At this point the (non-anomalous) symmetry of
the classical action, SUL(Nf )×SUR(Nf )×UV (1)×UAˆ(1), is fully unbroken.
• For larger values of Nf (Nf > Nc + 1, but smaller than 3Nc, where UV
asymptotic freedom is lost) the above formulae have an obvious generalisation.
One introduces the chiral superfields
Bf1...fN˜c = ǫf1...fN˜cfN˜c+1...fNf ǫr1...rNcΦ
r1
fN˜c+1
. . . Φ
rNc
fNf
, (129)
B˜f1...fN˜c = ǫf1...fN˜cfN˜c+1...fNf ǫ
r1...rNc Φ˜
fN˜c+1
r1 . . . Φ˜
fNf
rNc , (130)
where, following [41], we have set
N˜c = Nf −Nc . (131)
In terms of the operators (129), (130) and T hf one may construct the effective
action
Γ SQCDeff = Γ
SQCD
kin + (132)
+
[detT −Bf1f2...fN˜cT h1f1 T h2f2 . . . T hN˜cfN˜c B˜h1h2...hN˜c
(ΛSQCD)b1
+ h.c.
]
F
,
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where b1 is the first coefficient of the β-function of the theory.
The trouble with this analysis is that neither the ’t Hooft anomaly condi-
tions are fulfilled, if only the above set of composite operators is considered,
nor the superpotential has the correct quantum numbers to fit the anomalous
symmetries of the theory.
An inspiring and physically compelling interpretation of the situation was
given in [41], where it was argued that the theory admits also a “dual” de-
scription in terms of a SQCD-like action with the same global “flavour” sym-
metries, hence with quark fields Qf and Q˜f (f = 1, 2, . . . , Nf ), but with gauge
group SU(N˜c) with N˜c = Nf −Nc. This conclusion follows from the observa-
tion that the moduli space of the theory remains unmodified quantummechan-
ically for all values ofNf > Nc+1, at least up to Nf = 3Nc. In turn this means
that the classical vacuum at the origin (where all the expectation values of
the composite fields which represent the degrees of freedom of the low energy
theory vanish) preserves the original SUL(Nf ) × SUR(Nf ) × UV (1) × UAˆ(1)
symmetry. Consequently in the dual theory there must necessarily be Nf
quark fields, though coupled to a different gauge group. In this theory the
operators (129) and (130) are interpreted as composite operators of the form
Bf1...fN˜c = ǫr1...rN˜c Q˜f1r1Q˜
f2
r2 . . . Q˜
fN˜c
rN˜c
, (133)
B˜f1...fN˜c = ǫr1...rN˜cQ
r1
f1
Qr2f2 . . . Q
rN˜c
fN˜c
. (134)
An additional chiral, gauge invariant, supermultiplet,Mhf , is assumed to exist,
which is necessary for matching the ’t Hooft anomaly conditions. In terms of
the above composite fields an effective superpotential can be written down.
It reads QfMhf Q˜h. The relation between this theory and the original theory
is referred to as “non-abelian electric-magnetic duality” (or more simply as
“Seiberg duality”) and indeed it can be argued to be a duality relation in
the sense that the dual of the dual is the original theory with the quarks and
gluons of one description interpreted as solitons (magnetic monopoles) of the
other.
Summarising, according to [41, 59], we can briefly describe what happens
to SQCD when Nf increases at fixed Nc beyond Nc + 1 as follows.
- For Nc+2 ≤ Nf < 3Nc/2 the asymptotic particles of the theory are the
the dual quark fields Qf and Q˜f and the mesons M
h
f , which interact through
an IR-free (b1 = 3N˜c − Nf = 2Nf − 3Nc < 0) supersymmetric theory with
gauge group SU(N˜c). This is how the SQCD theory we started with looks in
terms of “magnetic” variables dual to the original “electric” variables (which
are instead strongly coupled in this range of Nf values).
- As soon Nf goes through the value 3Nc/2, the first coefficient of the
dual theory β-function changes sign and the theory is expected to flow to a
non-trivial IR fixed point. This continues to be true for the whole range of
values 3Nc/2 < Nf < 3Nc. Both the original and the dual theory can be
argued to be conformal theories of interacting quarks and gluons (we remark
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that 3Nc/2 < Nf < 3Nc ⇐⇒ 3N˜c/2 < Nf < 3N˜c). However, as Nf increases
the electric variables tend to become more and more weakly coupled and the
opposite happens for the dual magnetic variables.
- At Nf = 3Nc, where the original theory loses asymptotic freedom, the
IR fixed fixed point comes to zero coupling.
- For even larger values of Nf > 3Nc the original electric theory is an IR
free theory of quarks and gluons.
Normalising the SQCD and SYM effective action
As we have seen, the interesting piece of the SYM and SQCD effective ac-
tions can be fixed by symmetry arguments only up to a constant rescaling
of their Λ parameter. We want to show in this section how, exploiting the
self-consistency requirement implicit in the decoupling theorem, one can fix
these constants, if at the same time a dynamical (e.g. instanton based) infor-
mation is available. We will develop the argument along the line of reasoning
advocated in refs. [23, 31, 37] and summarised in [59].
• The case of SQCD
Starting from (114) with just one massive flavour, say the Nf -th one,
we require that the effective superpotential of the theory with Nf flavours,
namely
W SQCDeff;Nc,Nf (T ) =
=
[
(Nc −Nf )η(Nf )
((Λ(Nf )SQCD)3Nc−Nf
detT
) 1
(Nc−Nf ) +mNfT
Nf
Nf
]
F
, (135)
goes over to the effective superpotential of the theory with one flavour less
when mNf gets large after using (592). To simplify and clarify notations we
have introduced the new constant η(Nf ) = (c
′)3Nc−Nf/Nc−Nf with respect to
what we had in (114) and we have attached the extra superscript Nf to the Λ
parameter of SQCD in order to trace the number of “active” flavours in each
theory.
We now proceed to eliminate T
Nf
Nf
by using the F -flatness condition for
T
Nf
Nf
, which amounts to the stationarity equation ∂W SQCDeff;Nc,Nf (T )/∂T
Nf
Nf
= 0.
We also notice that the analogous conditions for the T fNf and T
Nf
h components
imply the vanishing of their expectation value. After some algebra one finds
that the r.h.s. of (135) becomes
[(
η(Nf )
) Nc−Nf
Nc−Nf+1 (Nc −Nf + 1)
(mNf (Λ(Nf )SQCD)3Nc−Nf
detT˜
) 1
(Nc−Nf+1)
]
F
, (136)
where detT˜ is the matter determinant with the Nf -th flavour missing. Since
the decoupling condition (592) implies
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mNf (Λ
(Nf )
SQCD)
3Nc−Nf = (Λ(Nf−1)SQCD )
3Nc−Nf+1 , (137)
we see that the expression (136) becomes the formula for the effective super-
potential of SQCD with Nf − 1 flavours if η(Nf ) satisfies the equation(
η(Nf )
) Nc−Nf
Nc−Nf+1 = η(Nf − 1) . (138)
The most general solution of (138) is
η(Nf ) = η
1
Nc−Nf
0 , (139)
with η0 a quantity which does not depend on Nf . The last observation is
rather important as it can be exploited to simplify the calculation of η0. In
practice one can proceed in two ways. One is based on an explicit dynamical
computation which was done in the WCI approach with the result η0 = 1 [21,
31,45,46]. The calculation is performed in the especially simple case of SQCD
with Nf = Nc − 1 flavours, where the SU(Nc) gauge symmetry is completely
broken by non-vanishing scalar v.e.v.’s (see Appendix E). In this situation the
theory is weakly coupled for sufficiently large v.e.v.’s, thus constrained [47]
instanton calculations are expected to be fully reliable.
The second strategy [37] consists in determining η0 by means of a self-
consistency constraint that fixes the value of the gluino condensate in an
SU(2)1 × SU(2)2 gauge theory with matter in the (2,2) representation. The
argument, which is quite elegant, exploits the knowledge of the effective su-
perpotential of the theory, derived in [66], and confirms the result η0 = 1.
• The case of SYM
Already the result mentioned at the end of the previous section is telling
us that the normalising constant, c, in (104) is to be taken equal to one, at
variance with the direct SCI calculation which, if a factor Nc = 2 is divided
out, gave c = 1/
√
5 (see (70)-(63) and the discussion in Sect. 4.1).
There are other similar indirect ways to determine c. An elegant one is to
start from a pure N = 2 SYM theory with the addition of a mass term for
the chiral (matter) superfield which breaks supersymmetry down to N = 1.
Decoupling the massive multiplet by sending the mass parameter to infinity
leaves behind a pure N = 1 SYM theory. The reason to reach N = 1 in this
somewhat complicated way is that for the effective action of pure N = 2 SYM
we have the beautiful SW formula [51] and a simple description of the theory
in terms of low energy degrees of freedom (see Sect. 8).
To illustrate the method we wish to present here a simplified adaptation
of the original argument given in [38]. The starting point is the formula
〈g2λαaλaα〉 = −16πi
∂WN=1eff
∂τ
=
32π2
b1
Λ
∂WN=1eff
∂Λ
, (140)
where for the SU(2) gauge group b1 = 3× 2 and we have set
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τ =
4πi
g2
+
ϑ
2π
, (141)
Λ = µe2πiτ(µ) . (142)
We need to computeWN=1eff with its correct normalisation. In principleW
N=1
eff
could be obtained from (104), after integrating out the S superfield. Precisely
because at this stage the normalisation of the N = 1 effective action is un-
known, we shall start from the well defined expression of the N = 2 effective
superpotential which in the relevant strong-coupling regime takes the form
WN=2eff (AD,M, M¯) =
√
2M¯ADM +mU(AD) , (143)
where the chiral superfields M, M¯ describe the monopole multiplet and AD is
the dual Higgs superfield. In this regime the quantum modulus, U , is naturally
expressed in terms of AD (and not of A). Solving the F -flatness conditions
leads to the v.e.v.’s
aD ≡ 〈AD〉 = 0 , 〈M〉 = 〈M¯〉 =
(
− m√
2
dU(x)
dx
∣∣∣
x=0
) 1
2
. (144)
In this vacuum configuration one finds
WN=2eff (0, 〈M〉, 〈M¯〉) = mu(0) + . . . =
= m
(
ΛSW
)2
+ . . . = 2m
(
ΛN=2PV
)2
+ . . . , (145)
where u(0) = 〈U(0)〉 = Λ2SW (as it follows from the known relation between
aD and u = 〈U〉 19) and ΛSW is the SW dynamical scale. In the last equality
for the purpose of comparing with the rest of our formulae we have introduced
the more standard Pauli-Villars scale (which we consistently used throughout
this review) related to the former by the relation [37] ΛN=2PV = ΛSW/
√
2.
The last step of this quite elaborate argument consists in decoupling the
matter superfield by sendingm to infinity while keeping fixed the combination
(see (592) and (67))
Λ6 = m2
(
ΛN=2PV
)4
. (146)
Inserting this relation in the last equality of (145) gives
WN=1eff = 2Λ
3 , (147)
from which the equation
〈 g
2
32π2
λαaλaα〉 = Λ3 (148)
follows. This calculation again yields the so-called WCI result c = 1.
19 We recall the SW formula aD =
√
2
pi
R u
Λ2
SW
dx
q
x−u
x2−Λ4
SW
, see Sect. 8.
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Although, as we have developed the argument, this computation is enough
to fix the normalisation of the effective potential for any number of colours, it
would be nice to repeat a similar reasoning in the generic case of an SU(Nc)
gauge group in order to explicitly check the Nc behaviour of the gluino con-
densate. This issue is of relevance for the interesting question of relating non-
supersymmetric QCD-like gauge theories with supersymmetric ones in the
large Nc limit as proposed in the nice papers of [67].
5.3 The effective action of Georgi–Glashow type models
A number of interesting results have been obtained in the literature [55, 68]
for supersymmetric theories with chiral matter. Here, for brevity, we will only
discuss two specific cases 1) SU(6) with two matter superfields in the 6 and
one in the 1¯5 representation and 2) SU(5) with one matter superfields in the
5 and another one in the 1¯0 representation, as prototypes of two different
typical situations, namely unbroken supersymmetry with well defined vacua
and dynamically broken supersymmetry, respectively (see the corresponding
discussion in Sect. 4.3).
SU(6) with matter in 2× 6 + 1¯5
The construction of the effective action of this theory requires, besides the
chiral composite superfields (see (99))
S =
g2
32π2
WαWα , T = ǫIJΦ
I
rΦ
J
sX
rs , (149)
U = ǫr1s1r2s2r3s3X
r1s1Xr2s2Xr3s3 , (150)
the real (vector) ones
RJI = Φ
†
Ie
2gV (6)ΦJ , Q = X†e2gV (1¯5)X . (151)
The expression of the effective action which fulfills all the relevant anomalous
and non-anomalous WTI’s of the microscopic theory reads [55]
Γ
GG−SU(6)
eff =
[
TrR+Q+ S⋆S + ξRTr logR+ ξQ logQ+
+Tr(T †R−1T )(detR)−1Q−1 + U⋆UQ−3
]
D
+
+
[
TrW 2R +W
2
Q + S log
S3XT
Λ15GG
+ hT + h′U + h.c.
]
F
. (152)
where ξR, ξQ are (in principle) calculable constants, ΛGG is the RGI scale
parameter of the theory and
WRα = −1
4
D¯2R−1DαR , WQα = −1
4
D¯2Q−1DαQ . (153)
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Despite its quite complicated form, the consequences of (152) are rather sim-
ple. One gets for the v.e.v.’s of the composite operators (149) and (150)
〈S〉k =
(
hh′
)1/5(
ΛGG
)3
e2πik/5 , k = 1, 2, . . . , 5 , (154)
〈T 〉k = 〈S〉k
h
, 〈U〉k = 〈S〉k
h′
, (155)
in perfect agreement with instanton results and the constraints imposed by the
Konishi anomaly equations. One finds that the discrete Z15 symmetry group
is spontaneously broken down to Z3, leaving behind 15/3=5 well defined su-
persymmetric vacua. As we noticed in Sect. 4.3 point (I), for non-vanishing
value of the Yukawa couplings h, h′ supersymmetry is unbroken and the vac-
uum states are well defined. Only when either h or h′ go to zero and flat
directions appear in the superpotential, some of the condensates run away to
infinity.
SU(5) with matter in 5 + 1¯0
This case is more interesting as the phenomenon of dynamical breaking of
supersymmetry is seen to occur [68]. The construction of the effective action
which fulfills all the anomalous and non-anomalous WTI’s of the microscopic
theory again requires the introduction of the two real composite (vector) su-
perfields
R = Φ†e2gV (5)Φ , Q = X†e2gV (1¯0)X . (156)
Furthermore, besides the chiral composite operators (149) and (150), the chiral
superfields
Y =W r1s W
s
r ΦtX
trXr2r3Xr4r5ǫr1r2r3r4r5 , A=
g2
16π2
(W 2)rsΦrΦs′X
s′s (157)
must come into play in order to fulfill the ’t Hooft anomaly conditions. Finally
the requirement of the absence of flat directions in the microscopic theory
implies a judicious choice of the invariant kinetic terms. An expression of the
effective action which satisfies all the above constraints is
Γ
GG−SU(5)
eff =
[
R+Q+ S⋆S + ξ1 logR+ ξ2 logQ+
+(Y ⋆R−1TQ−3Y )−1 +A⋆RQA
]
D
+
+
[
κ1W
2
R + κ2W
2
Q + S log
S2Y
Λ13GG
+ h.c.
]
F
. (158)
The minimisation of Γ
GG−SU(5)
eff , displays the phenomenon of dynamical
breaking of supersymmetry. One finds, in fact, that the minimum occurs at
finite non-vanishing values of all the condensates (with the exception of A
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for which a vanishing result is obtained) and that at this point the effective
superpotential is positive.
It is interesting to look at the spectrum of the low-lying states that emerges
from the analysis of the effective potential (158). Together with supersymme-
try, a non-anomalous U(1) is spontaneously broken by the v.e.v. of Y . Another
anomalous U(1) remains instead unbroken and its triangle anomaly is satu-
rated by the composite fermion in A, which remains massless. The only other
massless fermion in the spectrum is the Goldstino associated with the sponta-
neous breaking of supersymmetry. The latter partially lies in the real vector
fields R and Q. In the spin zero sector we find the massless Goldstone bo-
son of the spontaneously broken U(1) mentioned above. Two more would-be
Goldstone bosons are eaten up a´ la Higgs to give mass to the vector bosons
belonging to R and Q. It is the fact that the Goldstino partially lies in the
real superfields R and Q that prevents integrating out their massive degrees
of freedom, because if one does so the manifest supersymmetry of the effective
action is lost.
The overall picture that is coming out is completely consistent with the
symmetry breaking pattern that emerges from the dynamical instanton com-
putation of the Green functions with only insertions of lowest components of
chiral composite superfields (see Sect. 4.3 point (III) 1.).
6 N = 2 SYM: Introduction
As shown in the previous discussion of N = 1 SYM theories, the combina-
tion of instanton calculus with holomorphy of the F -terms in the (low-energy)
effective action proves to be very powerful in that it allows to determine non-
perturbative corrections to the superpotential and argue for dynamical super-
symmetry breaking in a class of models. Unfortunately the spectrum of bound-
states in supersymmetric vacuum configurations, if present, depends not only
on the F -terms, encompassing the superpotential and gauge kinetic terms,
but also on D-terms, encoding the kinetic terms for chiral multiplets and
their couplings to vector multiplets. D-terms are determined by the Ka¨hler
potential K(Φ,Φ†, V ), a real non-holomorphic “function” of the (light) chiral
multiplets and the vector multiplets, that in principle receives both perturba-
tive and non-perturbative corrections 20.
The situation significantly improves for N = 2 SYM theories, since the
extra supersymmetry relates what in the N = 1 description would be un-
related, i.e. the Ka¨hler potential, the superpotential and the gauge kinetic
function [69]. This is true not only when N = 2 vector multiplets are present
but also when one couples the resultingN = 2 SYM to “matter” fields belong-
20 For this reason the “exact” β-function of [32] should be properly seen as an elegant
way to hide one’s ignorance of the anomalous dimensions γ of chiral multiplets.
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ing to so-called hypermultiplets, or hypers for short 21. N = 2 supersymmetry
allows only (N = 2) minimal couplings of hyper to vector multiplets, coded
in “tri-holomorphic moment maps”, and the hypers are known to have van-
ishing anomalous dimensions [71]. The (low-energy) effective theory is thus
determined by an analytic prepotential F , which only depends on the N = 2
vector multiplets, and a choice of gauging of tri-holomorphic isometries of
the hyperka¨hler manifold described by the hypers [72]. Vector multiplets are
“chiral” in the N = 2 description. In turn the analytic prepotential is known
to receive only one-loop and non-perturbative corrections. In their seminal
paper [51], Seiberg and Witten were able to determine the exact form of F
for pure N = 2 SYM with gauge group SU(2) by a series of elegant argu-
ments based on electric-magnetic duality [73]. In a subsequent paper [74] they
extended their arguments to the case of N = 2 SQCD with gauge group
SU(2) that arise after minimal coupling of Nf hypermultiplets belonging to
the pseudo-real fundamental representation of SU(2). Later on, these results
have been generalised to other gauge groups with hypers in various represen-
tations both in the Coulomb branch, corresponding to turning on v.e.v’s of
scalars in vector multiplets thus preserving the rank of the gauge group, and in
the Higgs branch, corresponding to turning on v.e.v’s of scalars in hypers thus
generically reducing the rank of the gauge group. The possibility of having
new and mixed branches has also been widely explored.
Our aim is to first describe the structure of N = 2 SYM theories both at
the microscopic level and at the macroscopic one, when they are described in
terms of Wilsonian low-energy effective actions. We then review the arguments
of Seiberg and Witten leading to the identification of an auxiliary Riemann
surface, i.e. a “complex curve”, encoding the complexified gauge coupling τ in
(the ratio of) the derivatives of its two “period” integrals, eventually arriving
at the determination of F in the simplest case of SU(2). We then discuss
the non linear recursion relations satisfied by the coefficients of the instanton
expansion following the work of Matone’s [75] and check the consistency of
Matone’s relations and, thus, of the SW prepotential, with instanton calculus
in sectors with K = 1, 2 [76]. In order to tackle the general case, i.e. arbitrary
K and generic gauge group (with SU(Nc) in mind), one may exploit the “topo-
logical twist” of N = 2 SYM theories [77] that, combined with some “non-
commutativity” parameter [78], in the form of the so-called Ω-background,
allowed Nekrasov and collaborators [79–82] to localise the integrals over in-
stanton moduli spaces and compute recursively the expansion coefficients of
the non-perturbative series. To this end we sketch these beautiful, but at the
same time rather technical, mathematical arguments underlying the ADHM
21 In fact it can even improve if the hypermultiplets belong to some special represen-
tation of the gauge group, whereby the theory becomes exactly superconformal
and thus UV finite so that the two derivative effective action does not receive
any correction either perturbatively or non perturbatively. For instance, this is
the case when one extra hypermultiplet is added that belongs to the adjoint
representation, leading to the N = 4 SYM theory [70].
48 Massimo Bianchi, Stefano Kovacs, and Giancarlo Rossi
construction. We then turn to the string description of the ADHM construc-
tion and its ramifications [83, 84]. The astonishing feature of string theory is
that the sophisticated algebro-geometric ADHM construction becomes rather
transparent and intuitive once D-branes and their open string excitations are
taken into account [85, 86]. In particular, (supersymmetric) gauge theories
emerge as the low-energy effective theories governing the dynamics of stacks
of D-branes [87]. In this setting instantons can be realised as lower dimen-
sional D-branes within higher dimensional ones [83, 84]. The structure of the
ADHM data emerge naturally from the set of open strings connecting the
various stacks of branes. Even Nekrasov’s Ω-background admits a natural de-
scription in terms of the closed string graviphoton that couples to D-branes
and their open string excitations [85, 86]. Last but not least, the long sought
for duality between gauge fields and strings turns out to emerge quite natu-
rally, at least in the maximally supersymmetric case (N = 4 SYM), in the
form of Maldacena’s holographic correspondence [88–92]. We will return to
this unprecedented achievement of string theory in Sects. 17-18. Here we only
give a schematic description of how instanton effects can be computed within
string theory in a particular double scaling limit [85, 86].
7 N = 2 SYM: generalities
N = 2 SYM theories admit two kinds of massless multiplets, both containing
four bosonic and as many fermionic degrees of freedom. Vector multiplets are
described by chiral N = 2 superfields that comprise a vector boson, two Weyl
fermions (the gauginos) and a complex scalar all in the adjoint representation
of the gauge group. N = 2 vector superfields will be denoted by A and their
θ expansion schematically reads
A(x, θ) = a(x) + θrαλ
α
r (x) +
1
2
θrασ
µνα
βθ
β
r Fµν(x) + ... . (159)
Higher order terms in θr with r = 1, 2 can be expressed as derivatives of the
lower ones. In terms of N = 1 supersymmetry, a N = 2 vector multiplet can
be decomposed into a vector superfield V and a chiral superfield Φ, both in
the adjoint representation of the gauge group (see Appendix F for notation).
N = 2 massless “matter” appears in hypermultiplets that consist of four
real scalars and two Weyl fermions (the hyperinos), belonging to a real repre-
sentation of the gauge group. In terms of N = 1 supersymmetry, they can be
decomposed into a chiral superfield Q in an a priori complex representationR
of the gauge group and a chiral superfield Q˜ in the conjugate representation
R¯. Among the massive representations, a special role is played by the 1/2
BPS representations that are shorter than generic massive representations in
that they only involve eight bosonic and as many fermionic degrees of freedom
(see Appendix G for a brief explanation of this and related notions). Thanks
to the relation between mass and “central” charge
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M = |Z| , (160)
1/2 BPS states are indeed annihilated by half of the supersymmetry charges.
The structure of classical N = 2 SYM theories is tightly constrained by
the large amount of (super)symmetry they are endowed with. The most gen-
eral two-derivative classical action is completely determined in terms of an
“analytic” prepotential F that is a priori an analytic function of the N = 2
vector multiplets A and the complex coupling constant
τ =
ϑ
2π
+
4πi
g2
. (161)
The N = 2 hypermultiplet dynamics is described by a non linear σ model on
a hyperka¨hler space (see Appendix J). The coupling of N = 2 hypermultiplets
to vector multiplets is minimal in that the vector fields “gauge” (make local)
the global hyperka¨hler isometries of the hypermultiplet metric that preserve
the three Ka¨hler structures
ωI =
1
2
ωIij dq
i ∧ dqj , (162)
where ωIij = −ωIji with I = 1, 2, 3 and i, j = 1, ..., 4nH are antisymmetric
tensors such that dωI = 0, where d denotes the exterior differential in field
space, i.e. with respect to the scalar components qi of the n
H
hypermultiplets.
In the simple case of constant ωIij , writing i = f + 4r with f = 1, ..., 4 and
r = 0, ..., n
H
− 1, one can choose
ωIf+4r,f ′+4r′ = η
I
ff ′δrr′ , (163)
where ηIff ′ are the ’t Hooft symbols [2].
The effect of “gauging” (hyperka¨hler) isometries can be elegantly expressed
through the minimal substitution
∂µq
i → Dµqi = ∂µqi + gAaµξia(q) , (164)
where a = 1, ..., n
V
. A tri-holomorphic isometry generated by the vector field
ξa = ξ
i
a∂/∂q
i satisfies
LξωI ≡ ιξadωI + d(ιξaωI) = d(ιξaωI) = 0 , (165)
where ιξa denotes contraction with the Killing vector field ξa(q). As a conse-
quence ιξaω
I = dµIa a tri-holomorphic Killing vector ξa(q) admits hyperka¨hler
moment maps µIa(q) since locally ξ
i
a(q)ω
I
ij(q) = ∂jµ
I
a(q). The µ
I
a(q) may be
thought of as some sort of N = 2 auxiliary fields. In the N = 1 notation,
whereby a hypermultiplet with scalar components qf is described by two chi-
ral multiplets with scalar components φ = q1 + iq2 and φ˜ = q3 + iq4, one
has
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µ3a(q) = Da(φ, φ˜;φ
†, φ˜†)
µ+a (q) = µ
1
a(q) + iµ
2
a(q) = Fa(φ, φ˜)
µ−a (q) = µ
1
a(q)− iµ2a(q) = F¯a(φ†, φ˜†) . (166)
Indeed the contribution of the hypermultiplets to the potential is exactly given
by
VH(q) =
1
2
δIJ Im τa(a)µ
I
a(q)µ
J
a (q) . (167)
Notice that except for the minimal coupling (164) and its N = 2 completion,
entailing (167) and various Yukawa type interactions, there is no neutral cou-
pling between the vector and the hyper multiplets. In particular, as indicated,
the complexified gauge couplings τa(a) can only depend on the lowest scalar
components a of the n
V
vector multiplets A.
Quantum renormalisability drastically restricts the choice of F(A) and
ξ(q), or equivalently of µ(q). In the microscopic fundamental theory, F(A) is
at most a quadratic function of A, while ξia(q) are linear in the q’s, viz.
ξia(q) = (Ta)
i
jq
j , (168)
where Ta are the generators of the gauge group in the (a priori reducible)
representation spanned by the scalars in the hypermultiplets. Moreover the
hyperka¨hler metric is flat, up to global tri-holomorphic identifications R4n/Γ
(examples are the ALE spaces R4/ΓADE where n = 1 and ΓADE is one of the
Kleinian discrete subgroups of SU(2), in the ADE classification, see e.g. [93]).
As a result the tri-holomorphic moment maps µIa(q) are completely determined
in case of semi-simple gauge groups. When abelian factors are present in the
gauge group, one can add constant tri-holomorphic Fayet-Iliopoulos terms ζIa ,
so that µIa(q) = µˆ
I
a(q) + ζ
I
a , where µˆ
I
a(q) is such that µˆ
I
a(q = 0) = 0.
A different story applies to the Wilsonian effective action 22 for the light
(massless) modes that survive, i.e. do not acquire a mass after, partial or
complete gauge symmetry breaking below the scale Λ [60]. Here Λ is the
explicit cutoff in the Wilsonian effective action, such that all modes with
mass or energy above this scale have been integrated out. It is not known
how to explicitly perform this task, but the outcome of the “integrating out”
procedure is severely constrained by symmetries and one can often “guess”
the correct result to lowest order approximation, which is nothing else but a
book-keeping of the relevant degrees of freedom and the symmetries of the
theory.
In addition to the Coleman-Weinberg [94] type logarithmic correction at
one-loop
22 M.B. would like to thank M. Bochicchio for first pointing out the important
difference between the “non-local” 1PI effective action, with an arbitrary number
of derivatives, and the Wilsonian low-energy effective action, often considered
only up to two derivatives.
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F1−loop(A) = i
8
b1A
2 log
A2
Λ2
, (169)
where b1 is the β function coefficient, i.e. b1 = 2Nc−Nf for SU(Nc) with Nf
hypers in the fundamental representation, the prepotential can and in fact
must acquire an infinite number of non-perturbative corrections. Indeed N =
2 supersymmetry prevents further perturbative corrections, but the one-loop
term violates positivity of the imaginary part of the effective gauge coupling
τ(a) =
∂2F(a)
∂a2
=
ϑ(a)
2π
+
4πi
g2(a)
, (170)
where a denotes the lowest (scalar) component of the chiral superfield A that
describes the N = 2 vector multiplet and has been defined in (159).
8 Seiberg–Witten analysis
In their seminal paper [51], Seiberg and Witten have shown how one can
exactly compute the analytic prepotential F(A) in the case of an SU(2) gauge
theory without hypermultiplets. In another closely related paper [74] they
have shown how to incorporate 2Nf half-hypermultiplets in the fundamental
representation of SU(2), leading to a theory that deserves to be called N = 2
SQCD. The case Nf = 2Nc = 4 is special since it corresponds to an exact
quantum N = 2 superconformal theory.
Clearly, in the Coulomb phase we are focussing on, higher derivative terms
are generated by quantum effects with finite coefficients and are suppressed
by inverse powers of the v.e.v.’s of the scalar fields. In the superconformal
phase with vanishing v.e.v.’s the situation is much subtler. The relevant ob-
servables are correlation functions of gauge invariant operators. The modern
tool to tackle this interesting issue is the AdS/CFT correspondence proposed
by Maldacena that will be discussed in Sects. 17-18.
After briefly reviewing the arguments of Seiberg and Witten’s, based on
symmetries, monodromies and duality, we will describe how to check the result
by (constrained) instanton calculus.
As we already mentioned, classical N = 2 SYM admits an infinite tower
of BPS saturated monopoles and dyons thanks to the existence of a complex
scalar central charge Z in the N = 2 extended superalgebra. In the simple
case of SU(2), they are the supersymmetric analogue of the classical solutions
found by ’t Hooft [95] and Polyakov [96] and by Julia and Zee [97]. Indeed,
we recall that the potential of pure N = 2 SYM, which reads
V (a, a†) =
1
2
Tr([a, a†]2) , (171)
has flat directions identified by the condition [a, a†] = 0. Up to gauge trans-
formations, this means that both a and a† belong to the Cartan subalgebra
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generated by e.g. T3 = σ3/2. In modern terms one says the theory admits a
one complex dimensional moduli space of classical vacua parametrised by a3
or rather by the gauge invariant composite
u = Tr(a2) =
1
2
a23 . (172)
Henceforth we denote a3 by a for simplicity. Along the flat direction the
gauge group is broken to U(1) and one automatically realises the Prasad–
Sommerfield condition 23 without the need of sending the scalar self-coupling
to zero [98]. Monopole solutions that saturate the Bogomol’nyi bound
MM = |pτ0a| , (173)
where τ0 denotes the classical “complexified” coupling, that we have already
encountered many times by now, and p is the magnetic charge, can be explic-
itly constructed solving Nahm’s equations [99]. Notice the striking analogy
with the Higgs formula for the mass of a U(1) W -like boson with charge q
M
W
= |qea| . (174)
In fact one can do better and show that 1/2 BPS saturated dyons have a mass
spectrum given by the formula
M
D
= |qea+ qmaD | = |Z| , (175)
where we have introduced the notation a
D
= τ0a and Z is the “central”
extension of the N = 2 superalgebra, that being central, i.e. commuting with
all the remaining generators, has to be a c-number by Schur’s Lemma [100,
101]. In terms of the analytic prepotential F(a) = τ0a2/2 + · · · one is led to
the identification
a
D
=
∂F
∂a
= τ0a+ · · · , (176)
where the dots take into account quantum corrections to F(a) and thus to
τ(a) = τ0 + · · · . The exact (quantum) identification aD = ∂F∂a is tantamount
to assuming that the classical formula (175) for the central charge retains the
same form in the quantum theory, as strongly suggested by consideration of
N = 2 supersymmetry. Actually, the formula |Z| = |qea + qmaD | displays a
remarkable symmetry under SL(2,Z) transformations acting on the electric
and magnetic charges q and p. In fact under
qe → kqe + lqm qm → mqe + nqm (177)
Z is invariant if one simultaneously performs a “monodromy” transformation
23 The Prasad–Sommerfield condition of non vanishing scalar v.e.v. with zero poten-
tial is usually achieved by setting the scalar self-coupling λ to zero in the potential
V (ϕ) = λ(ϕ2 − ϕ20)2 while keeping |ϕ| = |ϕ0| at infinity.
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a→ na− la
D
a
D
→ −ma+ ka
D
. (178)
In this way a, a
D
are seen as components of a section of an SL(2,Z) bundle
over the moduli space of vacua parametrised by the gauge invariant compos-
ite u, for which we write a = a(u), a
D
= a
D
(u). This geometrical description
implies that the components a = a(u) and a
D
= a
D
(u) undergo non trivial
transformations, i.e. acquire non trivial monodromy, when one parallel trans-
ports them as functions of u around some special points. As a result of their
dependence of a = a(u), a
D
= a
D
(u) on u, the complexified coupling that has
been so far considered a function of a can be considered a function of u given
by the ratio of the derivatives of a
D
(u) and a(u) through the chain rule
τ(a) = τ(a(u)) = τ(u) =
∂2F(a)
∂a2
=
∂
∂a
∂F(a)
∂a
=
∂a
D
∂a
=
da
D
du
da
du
, (179)
with Im τ(u) > 0 (for vacuum stability). Remarkably, at this point, the com-
plexified effective coupling τ(u) can be considered as the modular parameter
(the “period”) of an auxiliary torus, a Riemann surface of genus one. The lat-
ter is also known as an “elliptic curve”, i.e. a complex dimension one manifold
whose periods are determined in terms of elliptic integrals. In fact determining
this auxiliary elliptic curve, the so-called “Seiberg-Witten curve”, allows one
to compute its periods from the equations
a′
D
(u) =
da
D
du
, a′(u) =
da
D
du
(180)
and, after integration w.r.t. u, F(a) itself, since a
D
= ∂F(a)∂a .
In order to determine the SW curve one starts by computing the mon-
odromy of the section (a = a(u), a
D
= a
D
(u)) at infinity where the theory,
being asymptotically free (b1 = 2Nc = 4 for SU(2)), is weakly coupled and
(see (169))
F(a) ≈ i
2
a2 log
a2
Λ2
(181)
with Λ the RGI invariant scale
Λ =M exp(−8π2/b1g2(M)) . (182)
In this way one gets
a
D
= F ′(a) ≈ i
2
[2a log
a2
Λ2
+ 2a] . (183)
Under u→ e2πiu, one has a→ −a and a
D
→ −a
D
+2a. These considerations
fix the monodromy of the section (a = a(u), a
D
= a
D
(u)) around the branch
point at infinity.
Perturbatively the other branch point of F(a) is at a = 0. If this were
the full story, the theory would be inconsistent since Im τ could not possibly
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be positive throughout the moduli space, being τ holomorphic and thus Im τ
harmonic. Seiberg and Witten argued that the non-abelian symmetry (a =
0) is never restored at the quantum level and that this is consistent with
assuming the existence of only two more singular points. They interpreted
the singularities as due to the fact that some massive states become massless
at each of the two additional singular points in the moduli space. In fact the
two relevant states are a monopole (qe = 0, qm = 1) and a dyon (qe = 1, qm =
−1) 24. In order to identify the location of these extra singularities, it is crucial
to exploit a discrete Z4 symmetry of the quantum theory for Nc = 2 which
is a remnant of the anomalous U(1)R subgroup of the U(2) R-symmetry of
the classical theory. Indeed classically N = 2 SYM is invariant under global
SU(2)× U(1)R transformations under which the gauge field is invariant, the
gaugini rotate as a 21/2 and the complex boson is a charge +1 SU(2) singlet.
The U(1)R symmetry is broken by the quantum anomaly that preserves a
Z4Nc ≈ Z2Nc ×Z2 where the latter factor is fermion parity and the former is
the above mentioned Z4 under which u → −u. This is enough to completely
determine the SW curve
ESW : y2 = (x2 − Λ2)(x2 − u2) , (184)
which is indeed singular when u = ±Λ. A generic elliptic curve can be written
as a double cover of the sphere y2 = (x − x1)(x − x2)(x − x3)(x − x4) with
branch points at x = xi. By the SL(2,C) symmetry of the sphere one can
always put three of the branch points at, say, 0, 1 and∞ so that the remaining
complex parameter determines the shape of the torus (actually the ratio of the
two periods). In order not to spoil the Z2 symmetry of quantum N = 2 SYM
theory, it is however more convenient to fix only two branch points at, say,
±Λ (or ±1 after rescaling the variables). The remaining two branch points
are set at ±u. When u reaches ±Λ the curve (184) representing the torus
degenerates, i.e. one of the two cycles and the corresponding period become
zero signalling the presence of a singularity in the theory.
The periods of ESW can be expressed in terms of elliptic integrals and after
identifying the cycles that correspond to a′
D
(u) and a′(u) one can eventually
compute F .
Making more precise the above geometrical considerations, we can say
that the vector (a
D
, a) is a section of a flat bundle over the moduli space
parametrised by u with monodromy group Γ (2) ⊂ SL(2,Z) generated by
M−1 =
(−1 2
−2 3
)
M1 =
(
1 0
−2 1
)
M∞ =
(−1 2
0 −1
)
(185)
such that M1M−1 = M∞. It can be checked that the monodromy transfor-
mations of (a
D
, a) around ±Λ are indeed represented by the matrices M±1.
24 This particular choices of electric and magnetic charges simplify the notation in
the following. Other choices are possible but require performing SL(2,Z) trans-
formations
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If the modular parameter τ of ESW were the ratio aD/a we would have
completed our task, since a
D
and a would have coincided with the two “canon-
ical” periods of the unique holomorphic 25 differential dω = dx/y. However
τ = a′
D
(u)/a′(u) and this means that a
D
and a are periods of a meromorphic
differential whose derivative w.r.t. u is the unique holomorphic differential dω.
Seiberg and Witten identified the “natural” meromorphic differential dλ(u)
that prior to monodromy considerations is only determined up to a mero-
morphic differential independent of u. Setting Λ = 1 for simplicity, one finds
that
dλ(u) =
√
x− u√
x2 − 1 dx (186)
is the unique differential that satisfies all the requirements, i.e. dλ′(u) = dω
and it is such that
a
D
(u) =
√
2
π
∫ u
1
√
x− u√
x2 − 1 dx , a(u) =
√
2
π
∫ 1
−1
√
x− u√
x2 − 1 dx (187)
have the correct monodromy when parallel transported around ±1 and ∞.
Consistently with the surviving Z4 symmetry, one can write
F(a) = Fpert(a) + Fnon−pert(a) , (188)
where
Fpert(a) = Ftree(a) + F1−loop(a) = i
2
a2 log
a2
Λ2
(189)
and
Fnon−pert(a) = a2
∞∑
K=1
F
K
Λ4K
a4K
, (190)
with the latter incorporating the contribution of instantons of increasing wind-
ing number K.
A few comments are in order here. First a = 0 is excised from the moduli
space, i.e. there is no value of u such that a(u) = 0. Second the singular
points u = ±Λ correspond to a
D
(u) = 0 and a
D
(u) = a, respectively, and
lie on the so called surface of marginal stability where Im τ = 0. This is
the locus where the lattice of BPS states collapses and transitions of the form
|Z = Z1+Z2〉 → |Z1〉+|Z2〉 are allowed by both charge and mass conservation.
The effective coupling g2(a) = 4π2/Im τ(u) is always semi-positive definite
and never grows too much. At large a this is due to asymptotic freedom. In
the interior of the moduli space all charged vector bosons become extremely
massive and the theory is essentially abelian. Near the singular points, one
better switches to a dual magnetic or dyonic description whereby the abelian
magnetic or dynonic photons are coupled to light monopoles and dyons. The
effective coupling decreases with the renormalisation scale µ in the IR until it
reaches the value
25 Although it does not look holomorphic, ω is in fact holomorphic!
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g˜2(µ)|µ=m ≈ 1| log(m/Λ)| , (191)
with m the mass of the lightest charged state, be it a monopole or a dyon.
As stressed above, these states are arranged in hypermultiplets. Due to the
presence of light charged particles in hypermultiplets coupled to abelian vector
multiplets, the dual magnetic or dyonic theory is different from the original
electric theory, that only involved non-abelian vector multiples. Yet electric-
magnetic duality led us for quite a long way. Only for N = 4 SYM and for
other exactly (super)conformal invariant theories the dual magnetic or dyonic
theory is expected to coincide with the electric theory 26.
Finally, at the singular points u = ±Λ2 new branches of the moduli space
open up where monopoles or dyons can condense, i.e. acquire a v.e.v., thus in-
ducing (oblique) confinement of the chromo-electric charges and flux tubes due
to the dual Meissner effect [103]. Adding N = 1 supersymmetric mass terms
to the adjoint chiral multiplet induces dynamical chiral symmetry breaking
and confinement in a controllable way.
9 Checking the SW formula by instanton calculations
Our next task is to check the SW prepotential against explicit instanton com-
putations. A one instanton check is not enough because of ambiguities in the
definition of Λ that can rescale it by a finite constant. The perspective for a
two instanton check seems a priori daunting but the calculation turns out to
be feasible [37, 76]. In fact one can do much better. Matone has shown that
the coefficients of the SW prepotential satisfy non linear recurrence relations
that can be checked to hold in instanton calculus [75]. Fucito and Travaglini
have shown that multi-instanton calculus precisely reproduces the desired re-
lations [76]. More recently the problem has been attacked once again in a
beautiful series of papers by Nekrasov and collaborators [79–82]. Introducing
suitable deformations parameters (Ω background) one can localise the mea-
sure over the multi-instanton (super)moduli space reducing the calculation of
the FK coefficients to a mere, though certainly not trivial, combinatorial prob-
lem. We will have limited space to discuss this fascinating issue and we refer
the reader to the original literature as well as to the accessible reviews [79–82].
We cannot resist saying immediately that the somewhat obscure deformation
parameters introduced by Nekrasov admit a very natural explanation in a
string setting for the problem whereby open string excitations of D-branes
26 More precisely in these cases the duality maps the electric theory into a magnetic
theory with the same action but dual gauge group [102], G∗. The latter is obtained
from the original gauge group of the electric theory, G, exchanging the role of the
weight and root lattices. Therefore in the case of groups with simply-laced Lie
algebras G and G∗ are isomorphic. For groups with non simply-laced algebras this
is not the case and one has the following pairs, G ↔ G∗: SO(2n + 1) ↔ Sp(n),
F4 ↔ F ′4, G2 ↔ G′2.
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account for the gauge and matter light degrees of freedom [83–85]. The Ω-
deformation is equivalent to turning on a background for a closed string state
in the so-called “Ramond-Ramond” (R–R) sector, the graviphoton, effectively
producing a non (anti-)commutative superspace [86], i.e. a superspace where
the θ variables do not anti-commute very much like the x variables do not
commute. From this vantage point, higher order terms in the deformation,
receiving instanton corrections, are associated with higher derivative gravita-
tional F -terms that appear in the type II low energy effective actions after
compactification on Calabi-Yau threefolds [104]. A similar approach for the
calculation of the SW prepotential, based on localisation on the instanton
moduli space, was proposed in [105].
9.1 Matone relations
Exploiting powerful results in the theory of uniformisation of Riemann sur-
faces, it was shown in [75] that the non perturbative coefficients in the expan-
sion of F(a) satisfy certain recursion relations known as Matone’s relations. In
order to achieve this result it is convenient to consider the auxiliary function
G(a) = F(a)− a
2
∂F(a)
∂a
, (192)
where F(a) is defined in (188) and consider the expansion
G(a) = a2
∞∑
K=0
G
K
Λ4K
a4K
. (193)
We will momentarily see that G(a) = u. The expansion coefficients GK and
FK are related by
GK = 2KFK , (194)
for K 6= 0 while G0 = 1/2.
As previously discussed, for SU(2) the moduli space is parameterised by
u = Tr(φ2) and turns out to be a Riemann sphere with three punctures
at u1 = −Λ, u2 = Λ and u3 = ∞ with a symmetry u ↔ −u. We recall
that (a
D
(u), a(u)) is a section of a flat bundle over the moduli space with
monodromy group Γ (2) ⊂ SL(2,Z) generated by the three matrices M−1,
M+1 and M∞ in (185) with M−1M+1 =M∞.
Using the obvious integrability of the differential
W (u) du = a da
D
− a
D
da , (195)
that being a complex function of the single variable u is necessarily an exact
differential, one can define the auxiliary function
g(u) =
∫ u
1
dzW (z) . (196)
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This helps determining the behaviour of F under monodromy (modular trans-
formations). In fact by integrating
∂uF = aD∂ua =
1
2
[∂u(aDa)−W (u)] (197)
one finds
F(u) = 1
2
[a
D
a− g(u)] + F0 . (198)
One can check that, under
a
D
→ a˜
D
= ka
D
−ma
a→ a˜ = −la
D
+ na ,
with kn− lm = 1, one has
F˜(a˜) = F(a) + 1
2
[lma
D
a− kla2
D
−mna2] , (199)
while G(a), conveniently defined as above, turns out to be modular invariant,
i.e.
G˜(a˜) = G(a) , (200)
since u and hence g(u) are invariant. By taking the ratio of a′
D
(u) and a′(u)
and keeping in mind that u is invariant, one also finds that
τ(a) =
∂2F(a)
∂a2
=
a′
D
(u)
a′(u)
→ τ˜ (a˜) = ∂
2F˜(a˜)
∂a˜2
=
kτ(a)−m
−lτ(a) + n , (201)
which is the expected projective transformation of the complexified coupling.
By uniformisation arguments, i.e. monodromy invariance and asymptotic
behaviour at large a, Matone eventually showed that [75]
G(a) = −iπg(u)/2 = u . (202)
The linear u dependence of g(u) is tantamount to saying that W (u) is a
constant, independent of u. In factW (u) = a(u)a′
D
(u)−a
D
(u)a′(u) is nothing
but the Wronskian of the solutions of the second order differential equation
satisfied by a(u) and a
D
(u), which in canonical (Schro¨dinger-like) form reads
(1− u2) d
2ψ(u)
du2
− 1
4
ψ(u) = 0 . (203)
As a result of the uniformisation theorem of the moduli space of Riemann
surfaces, G(a) obeys a non-linear differential equation of the form
(1− G2) d
2G
da2
+
1
4
a
(
dG
da
)3
= 0 , (204)
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so that the coefficients of the expansion (193) satisfy the sought for recursion
relation
GK+1= 1
8G20(K + 1)2
×
{
(2K − 1)(4K − 1)GK +
+2G0
K−1∑
N=0
c(N,K)GK−N GN+1 −
−2
K−1∑
L=0
L+1∑
N=0
d(L,N,K)GK−L GL+1−N GN
}
, (205)
where
c(N,K) = 2N(K −N − 1) +K − 1
d(L,N,K) = [2(K − L)− 1][2K − 3L− 1 + 2N(L−N + 1)] (206)
and G0 = 1/2. The first few coefficients read
G1 = 1
22
, G2 = 5
26
, G3 = 9
27
, (207)
in perfect agreement with the results of Seiberg and Witten. Moreover since
u = G(a) using the asymptotic behaviour of G one can determine the constant
value of W that reads
W = a′
D
a− a
D
a′ =
2i
π
. (208)
This relation is very useful in order to determine the “critical” curve where
Im(a
D
/a) = 0. On this curve the lattice of BPS states collapses to a line, as
already observed.
9.2 (Constrained) instanton checks for K = 1, 2
Following Matone [75], Fucito and Travaglini [76] have been able to check the
non perturbative relation
〈Tr(φ2)〉(a) = u(a) = G(a) =
(
F(a)− a
2
∂F(a)
∂a
)
(209)
for K = 1, 2 and show agreement with the SW prepotential.
Using the relation between F in (188) and G in (193), one finds
〈Tr(φ2)〉(a) = −a
2
2
−
∑
K
GK Λ
4K
a4K−2
. (210)
The calculation was carried out by making use of the ADHM construction,
which we now briefly review in the SU(2) case [19]. In the ADHM ap-
proach [19], the gauge connection is written in the form
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Aµ(x) = U
†(x)∂µU(x) . (211)
The key observation is that U(x) is not a unitary SU(2) matrix but rather a
(1 +K)× 1 “array” of quaternions, satisfying
∆†(x)U(x) = 0 , (212)
where
∆(x) = a+ bx , (213)
with x = xµσµ the position quaternion. Self-duality requires
∆†(x)∆(x) = f−1 ⊗ 1 , (214)
with f an invertible K × K matrix and 1 the 2 × 2 identity matrix. The
projector on the kernel of ∆†(x), spanned by U(x), reads
P (x) = U(x)U †(x) = 1−∆f∆†(x) . (215)
Gauge field zero-modes, that we here denote by aµ, are orthogonal to the
gauge orbit and can be parametrised as [20, 76]
aµ(x) = U
†(x)[Cσ¯µfb† − bfσµC†]U(x) , (216)
with C a (1 +K)×K “matrix” of quaternions satisfying
∆†(x)C = (∆†(x)C)T . (217)
These conditions reduce the number of independent (quaternionic) compo-
nents of C from (1 +K)×K to (1 +K) ×K − (K − 1) ×K = 2K, i.e. 8K
zero-modes as expected for SU(2) instantons. Modulo symmetries, which are
local SU(2) and global SO(K), the components of C can be identified with
the fluctuations of ∆, δ∆, i.e. variations of the ADHM data, satisfying the
self-duality condition
(∆+ δ∆)†(x)(∆ + δ∆)(x) = f−1 ⊗ 1 (218)
if non linear terms are neglected. Since δ∆ = C is linear in the gauge field zero-
modes parametrised by C, one can identify zero-modes of the gauge fields with
solutions of the linearised ADHM equations around a given self-dual solution.
This is equivalent to identifying the bosonic zero modes as solutions of the
equation S[Aµ + aµ] = S[Aµ] up to cubic terms. One can similarly determine
the fermionic zero-modes that in the case of N = 2 are as many as the bosonic
zero-modes and are given by [20, 76]
λ
(i)
βa˙ = σ
µ
βa˙a
(i)
µ , (219)
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with i = 1, ..., 8. In the presence of flat directions of the classical scalar poten-
tial, the constrained instanton method entails an expansion around a solution
of the (approximate) coupled equations 27
DµF
µν = 0 , D2φ = 0 (220)
with boundary condition at infinity, φ → φflat. For SU(2) φflat = aσ3/2i
modulo gauge transformations.
For K = 1, everything simplifies drastically. As discussed in detail in
Sects. 2.3, 2.4 and Appendix B, the bosonic measure (“integrated” over
SU(2)/Z2) reads
dµB =
4
π2
(
2πρµ
g2
)8
d4x0 dρ
ρ5
. (221)
Using the fermionic zero modes, that are not normalised, the fermionic mea-
sure is given by
dµF = d
4η d4ξ¯
(
g2
32π2µ
)4
. (222)
Due to the presence of the scalar v.e.v., a, the classical action consists of
various terms
Scl = SYM + Sscal + Sferm + SYuk + Spot . (223)
After integration over the fluctuations of φ and φ† around their v.e.v., the
Yukawa couplings produce an additional (to φharmonic) inhomogeneous term
in φ of the form
φainhom =
√
2[D−2]abǫbcdλαc λdα =
√
2ζαλaα , (224)
where ζα = ηα+xµσαα˙µ ξ¯α˙. The absence of zero-modes with “wrong” chirality
leads to
SYuk = a¯
bξ¯α˙σ
α˙β˙
b ξ¯β˙
g√
2
(
g2
32π2µ
)−1
. (225)
Moreover
Sscal = 4π
2|a|2ρ2 (226)
and we set
Λ4 = µ4e−8π
2/g2 . (227)
The explicit computation of u (the v.e.v. of Tr(φ2)) then yields
27 The attentive reader may notice that these are not the classical equations since the
scalar induced source Jν = φ†(Dνφ)−(Dνφ†)φ is being neglected. Exact topolog-
ically non-trivial solutions in the presence of non-zero v.e.v.’s for the scalars are
not known [106]. The standard approach, which allows to control the fluctuations
around the approximate solution, consists in adding to the action a “constraint”
on the instanton size. The resulting “solution” is thus known as a “constrained
instanton” [47].
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u= 〈φaφa〉K=1 = Λ4
∫
4
π2
(
2π
g
)8
d4x0dρ ρ
3 e−4π
2|a|2ρ2F aµνF
µν
a ×
×
∫
d4ηd4ξ¯
(
g2
32π2
)4
(ηη)2 exp
[
−a¯bξ¯σbξ¯ g√
2
(
g2
32π2µ
)−1]
. (228)
Performing the integrations over the collective coordinates yields
〈φaφa〉K=1 = 2
g4
Λ4
a2
(229)
in agreement with G1.
For K = 2, the (constrained) instanton calculus is more laborious. The
off-diagonal component d of the lower sub-block of ∆ is of the form
d =
1
2
y
y2
(v¯2v1 − v¯1v2) , (230)
where y = x1 − x2 ≡ 2e and x0 = (x1 + x2)/2, with x1 and x2 denoting the
two instanton “centers” and v1 and v2 the two extra quaternionic collective
coordinates. Similar restrictions as before apply to C = δ∆ so that the off-
diagonal component γ of the lower sub-block of C is of the form
γ =
y
y2
(2d¯η + v¯2ν1 − v¯1ν2) , (231)
where η, ν1 and ν2 are quaternions that parametrise the independent fluctu-
ations of the fermions. Separating the four collective coordinates associated
with translations, x0, and the four broken Poincare´ supersymmetries, η0, the
relevant correlator reads
〈φaφa〉K=2 = Λ
8
16
∫
d4v d4e d4ξ¯ d4ν1 d
4ν2
(
JB
JF
)1/2
e−SYuk−Sscal ×
×
∫
d4x0d
4η0 (η0η0)
2F aµνF
µν
a (232)
where (
JB
JF
)1/2
=
210
π8
| |e|2 − |d|2 |
|v1|2 + |v2|2 + 4(|d|2 + |c|2) . (233)
Performing all the many necessary integrations yields
〈φaφa〉K=2 = − 5
4g8
Λ8
a6
(234)
in agreement with G2.
Actually one can formally prove that Matone relations are satisfied by
instanton calculus for any K [76].
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Another elegant approach to derive the SW prepotential from first princi-
ples is based on the so called N = 2∗ theory. This is nothing else but N = 4
SYM theory deformed by the addition of a mass M for the hypermultiplet
in the adjoint representation, or equivalently the same mass M1 = M2 = M
for two of the three adjoint chiral multiplets in the N = 1 description of the
N = 4 theory. Quite remarkably the hypermultiplet, H = {Φ1, Φ2}, appears
quadratically in the microscopic action,
S[ΦI=1,2;Φ3, V ] =
∫
d2θd2θ¯Tr(Φ†Ie
gV ΦI) + (235)
+
∫
d2θ gTr([Φ1, Φ2]Φ3) +
1
2
M Tr(ΦI)
2 + h.c. ,
and can be integrated out in a Gaussian fashion. One ends up with an effective
action a` la Wilson-Polchinski where M plays the role of an UV cutoff. The
advantage of the approach is the UV finiteness of N = 4 SYM theory which
persists after the inclusion of the N = 2 supersymmetric mass terms. The
resulting low energy effective action is expected to coincide with the one re-
sulting from the SW prepotential. As we said in Sect.5, this has been partially
checked by means of the exact Renormalisation Group in [61].
10 Topological twist and non-commutative deformation
N = 2 SYM theories admit an interesting reformulation which goes under the
name of “topological twist” [77]. Although the topologically twisted version is
not fully equivalent to the original (dynamical) theory, some of the observables
coincide. In particular, one can suspect that the analytic prepotential F could
be one of these observables thanks to holomorphy. As we will see later on, this
is not completely true. The topological theory cannot reproduce the logarith-
mic term generated by one-loop corrections. Yet, a properly defined partition
function of the topological theory captures all the non-perturbative correc-
tions to F and more. Indeed, higher derivative “gravitational” F -terms can
be reliably computed by means of its topologically twisted version if a suitable
background inducing “non-commutativity” is turned on. After briefly review-
ing the topological twist formalism, we will sketch the arguments leading to
the derivation of Fnon−pert from the topological partition function.
The topological twist consists in bringing bosons and fermions to transform
in the same way under the subgroup SU(2)L×SU(2)D ⊂ SU(2)L×SU(2)R×
SU(2)I , whereD stands for the diagonal subgroup of SU(2)R×SU(2)I , which
is not to be confused with the (Euclidean) Lorentz group SU(2)L × SU(2)R,
since SU(2)I is part of the R-symmetry group U(1)×SU(2)I . Under SU(2)L×
SU(2)D the two Weyl gaugini transform as a four-vector, ψµ ∈ (1/2, 1/2), a
singlet, η¯ ∈ (0, 0), and a self-dual tensor, χ¯+µν ∈ (0, 1), where, adhering to
standard notation, (jL, jD) refers to the SU(2)L × SU(2)D spins rather than
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the dimension of the representation. Similarly the superspace variables dual
to the eight supercharges are θ → θµ, θ¯+µν , θ¯, so that the chiral superfield Φ
admits the newly looking decomposition
Φ = φ+ θµψµ +
1
2
θµθνFµν + · · · , (236)
where
θµ =
1
2
σµα,rθ
α,r . (237)
The supercharge Q¯ = εα˙rQ¯α˙r is a scalar and plays the role of topological
BRST charge. In the topologically twisted version, which we would like to
stress is only a reformulation of N = 2 SYM theories, the action reads
Stop =
∫
F ∧ F + {Q¯, Ψ} , (238)
where Ψ = φ∂µψ
µ + Fµνχ
µν + η[φ¯, φ] is the “topological gauge fermion”.
For hyperka¨hler manifolds, i.e. manifolds with three closed Ka¨hler forms,
the supercharges Q¯+µν can also be exploited in order to perform the topological
twist [77]. Nekrasov [81, 82] proposed to also use Qµ or better deform Q¯ to
Q¯E = Q¯+ EaV
a
µνx
µQν , (239)
where V aµν = −V aνµ are the six generators of the Euclidean rotation group
SO(4) and Ea are constant parameters. This allows to define equivariant
forms Ω(E) =
∑
pΩp(E) =
∑
p
∑
i1,...,ip
1
p!Ωi1,...,ipdx
i1 ∧ . . .dxip such that
RΩ(E) = Ω(R−1ER) (240)
for any R ∈ SO(4). Ω(E) are naturally acted on by the equivariant exterior
derivative
dE = d+ ιV (E) , (241)
where ιV (E) denotes contraction with the vector field V (E) = EaV
a
µνx
µ∂ν , i.e.
dEΩp = dΩp + ιV (E)Ωp . (242)
As a result, acting with dE on a p-form generically yields both a (p+1)-form
dΩp and a (p− 1)-form ιV (E)Ωp.
One can check that the topological observable
OΩ(E)P =
∫
R
4
Ω(E) ∧ P (Φ) (243)
is Q¯E-closed iff Ω(E) is “equivariantly” closed, i.e. iff dEΩ(E) = 0. For generic
choices of Ea the set of equivariantly closed forms is empty. However one
can consider Ea ∈ U(2)ω ⊂ SO(4), where U(2)ω is the stability group of a
“reference” symplectic (Ka¨hler and thus closed) form
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ω = dx1 ∧ dx2 + dx3 ∧ dx4 , (244)
that by definition satisfies dω = 0. In this way from the condition of equiv-
ariance, that can be phrased in terms of the vanishing of the following Lie
derivative
LV (E)ω = 0 = d(ιV (E)ω) + ιV (E)dω , (245)
it follows that, at least locally,
ιV (E)ω = dµ(E) , (246)
or in other terms
dE(ω − µ(E)) = 0 . (247)
Decomposing µ(E) along the four generators of the stability group U(2)ω, one
finds
h(x) ≡ µ0 = δµνxµxν µa =
∑
µ<ν
ηaµνx
µxν , (248)
where ηaµν are ’t Hooft symbols. Since ω defines a complex structure one can
introduce complex coordinates z1, z2 such that ω = dz1 ∧ dz¯1+dz2 ∧ dz¯2. We
also define
H = µR(E) = ǫ1|z1|2 + ǫ2|z2|2 , (249)
where µR(E) =
1
2 (ǫ1 + ǫ2)µ
0(z, z¯) + 12 (ǫ1 − ǫ2)µ3(z, z¯) is an arbitrary linear
combination of the “real” moment maps, the complex part being µC = µ
1 +
iµ2.
Relying on the equivariance properties of ω and H , one can define the
generating function of Q¯E-closed observables by the formula
Z(a, ǫ) =
〈
exp
{
1
(2πi)2
∫
R
4≡C2
[
ω ∧ Tr(φF + 1
2
ψ ∧ ψ)−
−1
2
H(x)Tr(F ∧ F )
]}〉
a
, (250)
where the suffix a denotes the dependence on the scalar v.e.v., a. Supersym-
metry, which in this context is tantamount to topological invariance since Q¯E
is a linear combination of the supercharges, guarantees a perfect cancellation
of all perturbative contributions between bosons and fermions. As a result
Z(a, ǫ) is saturated by instantons, viz.
Z(a, ǫ) =
∑
K
qKZK(a, ǫ) , (251)
where q = exp(2πiτ). Moreover the presence of H suppresses the contribution
of widely separated instantons and can be combined with ω into
H(x, θ) = H(x) + 1
2
ωµνθ
µθν . (252)
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H(x, θ) represents a manifestly supersymmetric regulator for the holomorphic
function F(a, Λ), where the explicit presence of Λ as an argument is to denote
the dependence of F on the renormalisation group invariant scale. In turn
the latter gets effectively replaced by F(a, Λe−H). Indeed rescaling the metric
of R4 ≡ C2 by a factor λ and taking the limit λ → ∞, only the last term
survives in the partition function, since all the other terms are suppressed by
inverse powers of λ that appear in the propagators needed for the contractions.
Taking into account that derivatives of H with respect to xµ or, equivalently,
z1 and z2, are proportional to ǫ1,2 one finds
Z(a, ǫ) = exp
{
1
2(2πi)2
∫
R
4
ω ∧ ω ∂
2F(a, Λe−H)
∂ logΛ2
}
+O(ǫ)
≈ exp
{Finst(a, Λ) +O(ǫ)
ǫ1ǫ2
}
(253)
where
Finst(a, Λ) =
∫ ∞
0
∂2F(a, Λe−H)
∂H2
H dH . (254)
Equation (254) makes the analytic properties of Z and F manifest.
10.1 Including Hypermultiplets
In the presence of Nf hypermultiplets in the fundamental representation with
masses mf , a possible parametrisation
28 of the SW curve is [107]
w +
Λ2Nc−NfQ(z)
w
= P (z) , (255)
where
Q(z) =
Nf∏
f=1
(z +mf ) (256)
and
P (z) =
Nc∏
l=1
(z − αl) . (257)
The αl’s are related to the v.e.v.’s of the adjoint scalars belonging to the
Cartan subalgebra and are such that
∑
l αl = 0. The space of monic polyno-
mials P (z), i.e. polynomials where the coefficient of the monomial of highest
degree is 1, so that the coefficient of the monomial of next to highest degree
is 0, is U = CNc−1 and can thus be parametrised by the Nc − 1 variables
un = Tr(a
n), with n = 1, ..., Nc − 1. The latter are symmetric polynomials in
28 In order to make contact with the parametrisation used previously one has to
perform the transformation y = w − 1
2
P (z) and set Q(z) to zero in the absence
of hypers.
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the αl that can be identified with the Nc − 1 Casimirs of SU(Nc). The first
two symmetric polynomials are 1 and u2 =
∑
l α
2
l or, equivalently,
∑
l<l′ αlαl′
since
∑
l αl = 0. The relation between un and αl can be similarly determined.
We now discuss how to determine the relation between un and the periods al
and aDl of the SW curve.
In the perturbative region, where |αl|, |αl−αn| ≫ |Λ|, |mf |, one can choose
local coordinates
al =
1
2πi
∮
Al
z dw
w
(258)
and
aDl =
1
2πi
∮
Bl
z dw
w
, (259)
where the Al cycles encircle the cuts in the z-plane from the point α
+
l to the
point α−l , where the points α
±
l are such that
P (z = α±l ) = ±2ΛNc−
Nf
2
√
Q(z = α±l ) . (260)
Not all Al cycles are homologically independent since
∑
l Al ≈ 0 can be shrunk
to zero. The Bl cycles go through the cuts from α
+
l to α
−
l+1(modN). Once again∑
lBl ≈ 0 in homology. As a result,
∑
l dal ∧ daDl = 0 and on local patches
one can introduce the prepotential F(a;m,Λ) such that
dF(a;m,Λ) =
∑
l
aDl dal . (261)
F(a;m,Λ) admits an expansion of the form
F(a;m,Λ) = Fpert(a;m,Λ) + Finst(a;m,Λ) , (262)
where Finst(a;m,Λ) encompasses the instanton contribution, that can be com-
puted by the localisation techniques outlined below, and
Fpert(a;m,Λ) = 1
2
∑
l 6=l′
(al − al′)2 log
(
al − al′
Λ
)
+
−
∑
l,f
(al +mf )
2 log
(
al +mf
Λ
)
(263)
encodes the logarithmic running of the gauge coupling with the mass scales
at play. Indeed al − al′ are the masses of the W -bosons and al +mf are the
masses of the charged hypermultiplets.
10.2 Instanton measure and localisation for arbitrary K
Following the ADHM construction [19], the moduli spaceMK,Nc of K instan-
tons in SU(Nc) with fixed framing (i.e. orientation in colour space) at infinity
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is a 4KNc dimensional variety and can be viewed as the hyperka¨hler quotient
of the ADHM data (B1, B2, I, J), where B1,2 ∈ End(VK), I ∈ Hom(WNc , VK)
and J ∈ Hom(VK ,WNc), with respect to the action of U(K). The correspond-
ing formulae
µC = [B1, B2] + IJ = 0 (264)
and
µR = [B1, B
†
1] + [B2, B
†
2] + II
† − J†J = 0 (265)
are the celebrated ADHM equations [19] that indeed enjoy invariance under
U(K) transformations.
As a resultMK,Nc is neither compact in the UV (due to small size instan-
tons) nor in the IR (due to the non compactness of R4).
Various compactifications of MK,Nc have been proposed [108]. The Uh-
lenbeck compactification MUK,Nc corresponds to the construction of a hy-
perka¨hler orbifold where the UV problem is cured by including point-like
instantons, e.g. gluing subspaces of the formMK−1,Nc ×R4,MK−2,Nc ×R8,
MK−3,Nc×R12 and so on. Alternatively, according to Nekrasov and Schwarz
the singularities ofMUK,Nc can be blown up to a smooth spaceMNSK,Nc which
includes “exceptional divisors” in place of the original singularities [79, 80].
This blowing up relies on a non-commutative extension of the gauge theory
that translates in the possibility of deforming the ADHM equations (264)
and (264) to 29
µR = ζR1K , µC = 0 . (266)
Deformed instanton calculus then boils down to computing equivariant vol-
umes ofMNSK,Nc , provided one uses in the definition of the integration measure
the closed symplectic 2-form 30 lifted from MUK,Nc , where the relevant sym-
plectic form is the reference Ka¨hler form. Since this symplectic form vanishes
when restricted to the exceptional divisors it does not add contributions “ex-
traneous” to the original “commutative” gauge theory. In order to localise the
measure, i.e. reduce the integrals to contour integrals that are calculable by
the residue theorem, it is convenient to consider the combined action of U(K),
G = SU(Nc)/ZNc and T
2, the latter representing the maximal torus, i.e. the
exponential of the Cartan subalgebra, of SO(4). The use of this combined
action is instrumental in deforming the symplectic Ka¨hler form ω of R4 by
the moment maps µG = δGAΛωADHM
ΛΛ′
AΛ′ , where AΛ′ collectively denote the
ADHM data, and µT 2 = ǫax
i(V aT 2 )i
jωjkx
k and in constructing an equivariant
form that localises the integrals on point-like abelian instantons.
The partition function over the compactified instanton moduli space reads
Z(a, ǫ1, ǫ2; q) =
∑
K
qK
∮
MK
1 (267)
29 In principle one can deform µC as well. But this deformation is irrelevant as it
can always be eliminated by a non analytic change of coordinates.
30 A symplectic 2-form is the generalisation of the familiar 2-form ω =
P
i dpi ∧ dqi
in phase space.
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where q = e2πiτ and
∮
1 denotes the localisation of the integral to point-like
instantons while a = (a1, ..., aNc) parametrise the Cartan subalgebra of G =
SU(Nc), i.e.
∑Nc
i=1 ai = 0 and ǫ1, ǫ2 are deformation parameters corresponding
to the Ω background, defined below. For the purpose of computing the integral
it is convenient to rewrite the contour integral in the form
ZK =
∮
MK
1 =
∫
MK
exp(ω + µG(a) + µT 2(ǫ)) , (268)
due to topological BRST invariance. The non-perturbative contributions to
the prepotential, but not the perturbative ones, are proportional to the loga-
rithm of the topological partition function
Z(a, ǫ1, ǫ2; q) = exp
(
1
ǫ1ǫ2
Fnon−pert(a, ǫ1, ǫ2; q)
)
, (269)
as previously shown. Here we are only describing an efficient way to explicitly
compute the contour integrals that yield ZK , the coefficients of the expansion
of the topological partition function. Using localisation, one can indeed derive
an explicit expression for Z(a, ǫ1, ǫ2; q). Taking for simplicity ǫ1 = −ǫ2 = ~
(the notation ~ suggests that some quantum non-commutativity is switched
on as we will see!), one finds
Z(a, ~,−~; q) =
∑
K
q|K|
∏
(m,n) 6=(i,j)
ami + ~(Km,n −Ki,j + j − n)
ami + ~(j − n) , (270)
where ami = am − ai and the sum is over the “coloured” partitions of the
instanton numbers among the Nc abelian factors U(1)
Nc of the Cartan sub-
algebra of U(Nc)
K = (K1, . . . ,KNc) (271)
with
Kn = {Kn,1 ≥ Kn,2 ≥ · · · ≥ Kn,ln ≥ Kn,ln+1 = Kn,ln+2 = · · · = 0} , (272)
while the product in (270) is over 1 ≤ m, i ≤ Nc and n, j ≥ 1.
The theory can be enlarged by the addition of Nf hypermultiplets in the
fundamental Nc +Nc
∗ with masses m1, ...,mNf . The explicit expression of
Z(ai,mf , ~,−~; q) in this case becomes
Z(ai,mf , ~,−~; q) =
∑
K
(q~Nf )|K|
∏
(m,n)
Nf∏
f=1
Γ ( 1
~
(am +mf ) + 1 +Km,n − n)
ami + ~(j − n) ×
×
∏
(m,n) 6=(i,j)
ami + ~(Km,n −Ki,j + j − n)
ami + ~(j − n) . (273)
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10.3 Computing the residues and checking the instanton
contributions
In a remarkable paper, Moore, Nekrasov and Shatashvili [80] have indeed been
able to reduce the computation of ZK in the K-instanton sector to contour
integrals of the form
ZK(a; ǫi) =
1
K!
(ǫ1 + ǫ2)
K
(2πiǫ1ǫ2)K
∮ K∏
I=1
dφIQ(φI)
P (φI)P (φI + ǫ1 + ǫ2)
×
×
∏
1≤I<J≤K
φ2IJ (φ
2
IJ − (ǫ1 + ǫ2)2)
(φ2IJ − ǫ21)(φ2IJ − ǫ22)
, (274)
where the complex variables φIJ = φI − φJ can be thought of as entries of a
K×K matrix, P (z) and Q(z) were defined before and the integration contours
run along the real axis.
The variables φI , al and ǫ1,2 represent an infinitesimal deformation of the
ADHM equations such that
[B1, φ] = ǫ1B1 [B2, φ] = ǫ2B2
−φI + Ia = 0 − aJ + Jφ = −(ǫ1 + ǫ2)J . (275)
In the bases of the K dimensional vector space V
K
and the Nc dimensional
vector space W
Nc
of the ADHM construction, where the K×K matrix φ and
the Nc ×Nc matrix a, representing the scalar v.e.v.’s, are diagonal, one has
(φIJ + ǫ1)B1,IJ = 0 (φIJ + ǫ2)B2,IJ = 0
(φI − al)II,l = 0 (φI + ǫ1 + ǫ2 − al)Jl,I = 0 . (276)
The poles at φIJ = ±ǫ1,2 should be avoided by deforming the contour or
setting ǫ1,2 → ǫ1,2 + iδ. Similarly al → al + iδ′ in order to avoid the zeroes
of P in the denominator. The origin of the poles at φIJ = ±ǫ1,2 can be
understood by means of the Duistermaat–Heckman (DH) formula
1
n!
∫
X2n
ωn e−µ[ξ] =
∑
Pf :Vξ(Pf )=0
e−µ[ξ](Pf )∏n
i=1Wi[ξ](Pf )
, (277)
where X2n is a symplectic manifold with symplectic form ω and µ is the mo-
ment map of a “torus” action generated by ξ and represented by Vξ, that
has fixed points Pf with “exponents” Wi[ξ](Pf ). In the case of X = MNSK,Nc
the relevant torus action, that consists of the geometric transformations that
form an abelian group, is U(1)Nc−1 ⊂ SU(Nc) and U(1)2 ⊂ U(2)ω. Indeed
U(1)Nc−1 is the maximal torus of the gauge group, generated by the Cartan
subalgebra and one cannot hope to get any larger torus action from the gauge
group generators. Similarly U(1)2 is the maximal abelian subgroup of the sta-
bility group of the symplectic Ka¨hler form and one cannot get anything more
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from the Euclidean rotation group. For generic ADHM data, the deformed
ADHM equations have solutions only in correspondence with the poles of the
integrand, this means that φI and φIJ = φI − φJ are uniquely specified in
terms of al, ǫ1,2 and Pf . The last ingredient,
∏n
i=1Wi[ξ](f), in the DH formula
can be related to the Chern character of the tangent bundle ofMNSK,Nc at the
point Pf .
Another important step in the computation of the contour integral is the
classification of the residues in terms of Young tableaux 31 Y = (Y1, ..., YNc),
such that
∑
l |Yl| = K. Indeed to each Yl with 0 < Kl ≤ K boxes corresponds
a partition
Kl,1 ≥ · · · ≥ Kl,nl ≥ Kl,nl+1 = Kl,nl+2 = · · · = 0 . (278)
Then the pole corresponding to a given Y is located at
φ
(r,s)
I = al + ǫ1(r − 1) + ǫ2(s− 1) , (279)
with the integers r and s such that 0 ≤ r ≤ nl and 0 ≤ s ≤ Kl,r.
In more physical terms the fixed points of the action of G×T 2 on the “re-
solved” MNSK,Nc correspond to U(Nc) non-commutative instantons that split
into U(1)Nc non-commutative instantons such that the instanton charge K is
split into K =
∑
lKl with Kl in the l
th subgroup. The non-commutativity
induced by the ǫ-deformation prevents the instantons from coalescing one on
top of the other.
For a given Y the residue of the contour integral reads
R(Y ) =
1
(ǫ1ǫ2)K
× (280)
Nc∏
l=1
nl∏
r=1
Kl,r∏
s=1
Tl(ǫ1(r − 1) + ǫ2(s− 1))
(ǫ(ℓl(r, s) + 1)− ǫ2hl(r, s))(ǫ2hl(r, s)− ǫℓl(r, s)) ×
1,Nc∏
l<m
nl∏
r=1
nm∏
p=1
Kl,r∏
s=1
Km,p∏
t=1
[
(alm + ǫ1(t−Km,p)− ǫ2(s− 1))(alm + ǫ1t− ǫ2(s− 1−Kl,r))
(alm + ǫ1(t−Km,p)− ǫ2(s− 1−Kl,r))(alm + ǫ1t− ǫ2(s− 1)
]2
,
where ǫ = ǫ1 + ǫ2, alm = al − am, ℓl(r, s) = Kl,r − s, hl(r, s) = Kl,r +Kl,s −
r − s+ 1 and
Tl(z) =
Q(z + al)∏
m 6=l(z + alm)(z + ǫ+ alm)
. (281)
For future use it is convenient to define
Sl(z) =
Q(z + al)∏
m 6=l(z + alm)2
, (282)
31 Young tableaux are sets of boxes. The number of columns is Nc for U(Nc). Start-
ing from the first column the number of boxes should not increase. Boxes in
the same column correspond to antisymmetrised indices. Boxes in the same row
correspond to symmetrised indices.
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in terms of which the first two coefficients of the instanton expansion of the
topological partition function are given by
Z1 =
1
ǫ1ǫ2
∑
l
Sl(0) , (283)
Z2 =
1
(ǫ1ǫ2)2
1
4
∑
l
Sl(0)[Sl(~) + Sl(−~)] + 1
2
∑
l 6=m
Sl(0)Sm(0)a
4
lm
(a2lm − ~2)2

and so on. Using the known relation between the topological partition function
and the non-perturbative contribution to the holomorphic prepotential (190)
one gets
F1 =
∑
l
Sl(0) ,
F2 = 1
4
∑
l
Sl(0)S
′′
l (0) +
∑
l 6=m
Sl(0)Sm(0)
a2lm
+O(~2) (284)
and so on. Formulae tend soon to become unwieldy but Nekrasov has been
able to check agreement with previous results for the holomorphic prepotential
up to five instantons [81, 82]. The consistency among various independent
approaches confirms the correctness of the result for the SW prepotential.
11 (Constrained) instantons from open strings
One of the most astonishing features of critical strings is the presence of a
massless vector boson in the open string spectrum and of a massless sym-
metric tensor in the closed string spectrum. The latter can be interpreted as
the graviton. The former can be interpreted as the photon in the abelian case
or as a gauge boson in the non-abelian one. Originally, a Yang-Mills group
was introduced ad hoc through Chan–Paton (CP) factors. They respect the
cyclicity of the Veneziano amplitude [109], that requires insertions of open
string vertex operators on the boundary of a disk. In modern terms the group
theory structure emerges from certain configuration of Dp-branes (D stand-
ing for Dirichelet, p for the number of spatial dimensions of the brane), i.e.
hypersurfaces where open strings can end [110].
In the supersymmetric case, i.e. after GSO projection, the low-energy
world-volume dynamics of Nc coincident Dp-branes is governed by the di-
mensional reduction from d = 10 to d = p + 1 of the N = 1 SYM theory
with gauge group U(Nc) [111]. In particular, p = 3 corresponds to the cele-
brated N = 4 SYM in d = 4, some (non-)perturbative properties of which will
be discussed later on. From a macroscopic view-point Dp-branes are 1/2 BPS
solitons of type II or type I supergravities, in that they preserve one half of the
supersymmetries of the parent theory. Configurations with different kinds of
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Dp-branes are generically non supersymmetric except for very special choices
of embeddings, i.e. dimensions and orientation of the various branes w.r.t.
one another. For our purposes of relating strings to instanton calculus, it is
crucial that a configuration with K D(p − 4)-branes lying within a stack of
Nc Dp-branes, i.e. such that the branes have p − 4 dimensions in common,
preserves 1/4 of the original supersymmetries. In fact this configuration is a
“bound state” at threshold [111], i.e. the mass of the bound state is the sum
of the masses of the constituent branes. Moreover the D(p−4)-branes have all
the right to be considered as a “gas” of instantons within the Dp-branes [83].
We will exploit the fact that D(p−4)-branes behave as a gas of instantons
within the Dp-branes for the case p = 3 that corresponds to N = 4 SYM
and will indicate how to get instantons in gauge theories with less or no
supersymmetries. We will also discuss how to tune the parameters, i.e. the
string tension T = 1/2πα′ and the string coupling gs (related to the v.e.v. of
the massless scalar dilaton) in order to decouple heavy string modes. We will
not consider the cases p 6= 3.
In the presence of Nc D3 and K D(−1)-branes there are three sectors of
the open string spectrum. Strings that start and end on D3-branes provide
the U(Nc) gauge fields and their superpartners. Strings that start and end on
D(−1)-branes yield U(K) non-dynamical (background) gauge fields and their
superpartners. Together they provide a subset of the (super) ADHM data,
e.g. the center of mass xCM =
∑
iMixi/
∑
iMi, where Mi are the masses of
the brane constituents, and global SUSY parameters. Strings that start on
D3-branes and end on D(−1)-branes or that start on D(−1)-branes and end
on D3-branes provide the remaining (super) ADHM data.
Suppressing CP factors for the moment, the vertex operators for gauge
bosons, that belong to the Neveu–Schwarz (NS) sector, read
VA = AM (p)Ψ
Me−ϕeip·X , (285)
where XM and ΨM , with M = 0, ..., 9, denote the bosonic and fermionic
string coordinates, respectively, and ϕ the superghost boson. BRST invariance
requires p2 = 0 and p · A(p) = 0, which is the form that the linearised Yang-
Mills equations for AM (p) take in the transverse gauge. Vertex operators for
gauginos, belonging to the Ramond (R) sector, read
VΛ = Λ
a(p)Sae
−ϕ/2eip·X , (286)
where Sa, with a = 1, ...16, is a chiral spin field that creates a cut for Ψ
M ,
i.e. a line connecting two branch points of the polydromous fields ΨM . This
means that the Operator Product Expansion (OPE) of ΨM (z) with Sa(w)
contains half integer powers of z − w. BRST invariance requires p2 = 0 and
p · ΓabΛb(p) = 0, which is the massless Dirac equation for Λb(p).
After reduction to d = 4, relevant for D3-branes, the gauge bosons in
d = 10 yield gauge bosons Aµ as well as six real scalars Ai = φi. The d =
10 gauginos yield four Weyl gauginos ΛAα and their antiparticles Λ¯
α˙
A. The
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structure of the on-shell effective action can be extracted from the knowledge
of the scattering amplitudes on the disk with D3-brane boundary conditions.
In the low-energy limit, α′ → 0 with the Yang–Mills coupling g2 = 4πgs fixed,
the effective action coincides with N = 4 SYM theory.
After reduction to d = 0, relevant for D(−1)-branes, also known as D-
instantons, the gauge field vertex operator VA defined above yields 10 non-
dynamical “fields”, i.e. matrices whose dynamics is governed by an action in 0
dimensions. Due to the breaking of the (Euclidean) Lorentz symmetry SO(10)
to SO(4)× SO(6) in the presence of D3-branes, it turns out to be convenient
to split the ten “gauge bosons”, aM , into four gauge bosons, aµ, and six real
“scalars”, χi. Similarly, the d = 10 gauginos, VΛ, produce four non-dynamical
Weyl “gauginos”, ΘAα , and their antiparticles, Θ¯
α˙
A. The structure of the on-
shell effective action can be extracted from the scattering amplitudes on the
disk with D(−1)-brane boundary conditions. In the low-energy limit, α′ → 0
with the zero-dimensional Yang–Mills coupling g20 = gs/4π
3(α′)2 fixed, the
effective action for the low lying excitations of the D(−1)-brane reads
SD(−1) = Scub + Squart , (287)
where
Scub = i
g20
TrK
(
Θ¯Aσ
µ[aµ, Θ
A]− 1
2
τABi Θ¯A[χ
i, Θ¯B]−
−1
2
τ¯ iABΘA[χi, ΘB]
)
, (288)
with TrK denoting the trace in the K-dimensional representation of U(K)
and
Squart = 1
4g20
TrK
(
[aµ, aν ][a
µ, aν ] + 2[aµ, χi][a
µ, χi] + [χi, χj ][χ
i, χj ]
)
. (289)
In what follows, it is crucial to replace Squart with a cubic action S′cub, through
the Hubbard–Stratonovich procedure, that entails the introduction of auxil-
iary fields Xµν , Yµi and Zij . Their vertex operators, bilinear in the fermions
Ψ ’s, are not BRST invariant and a priori one should not insert them as ver-
tices in scattering amplitudes. Nevertheless, three-point amplitudes with one
auxiliary field insertion are consistent and yield the correct interactions, be-
cause the BRST non invariant part decouples. In the end one replaces Squart
with
S′cub =
1
2g20
TrK
(
1
2
XµνX
µν + YµiY
µi +
1
2
ZijZ
ij +
+Xµν [a
µ, aν ] + 2Yµi[a
µ, χi] + Zij [χ
i, χj ]
)
. (290)
We now pass to consider open strings connecting D3-branes to D(−1)-
branes. Vertex operators in this sector involve Z2 bosonic twist fields, σ(µ),
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because one is changing the boundary conditions of the four (Euclidean)
“spacetime” coordinates from Neumann (D3) to Dirichelet (D(−1)). Twist
fields are local conformal primary operators that generate a cut in the bosonic
coordinate field X very much like spin fields, already encountered above, gen-
erate cuts in the fermionic coordinates Ψ . In the canonical superghost picture
q = −1 for bosons, the vertex operators read
V (−1)w = wα˙ΣC
α˙e−ϕTK,Nc , V
(−1)
w¯ = w¯α˙ΣC
α˙e−ϕTNc,K , (291)
where Σ =
∏
µ σ(µ) is a bosonic twist field of dimension 1/4 = 4 × 1/16 and
Cα˙ is an SO(4) spin field of dimension 1/4. TNc,K denote the K ×Nc Chan–
Paton “matrices”. The supersymmetry partners, in the canonical q = −1/2
picture for fermions, have vertex operators of the form
V (−1/2)ν = ν
AΣCAe
−ϕ/2TK,Nc , V
(−1/2)
ν¯ = ν¯
AΣCAe
−ϕ/2TNc,K , (292)
where CA is an SO(6) spin field.
Computing amplitudes on disks with mixed boundary conditions allows
one to extract the effective action for the “twisted” sector. Defining the K×K
matrices
W a = (wσaw¯)
K×K
, (293)
the action that governs the dynamics of the light modes (or moduli) of the
system of D(−1)-branes in the presence of D3-branes, takes the form
Stwist = 2i
g20
TrK
(
(wα˙ν¯
A + νAw¯α˙)Θ¯
α˙
A −XaW a +
+
1
2
χiτ
i
ABν
Aν¯B − iχiwα˙w¯α˙χi
)
, (294)
where we have set Xµν = Xaη¯
a
µν + X¯aη
a
µν , so that the three components X¯a
actually decouple because ηaµν η¯
µν
b = 0.
Combining with the previous terms and rescaling appropriately the fields,
so as to get a non-trivial field theory limit, one finds for the complete action
that governs the dynamics of the light modes (or moduli) of the system of
D(−1)-branes in the presence of D3-branes
Smoduli = Scub + S′cub + Stwist . (295)
One can check that
xµ0 = TrK(a
µ) and θαA0 = TrK(Θ
αA) , (296)
drop from the action, while varying w.r.t. Xa and Θ¯
α˙
A yields the super ADHM
equations. The latter consist in 3K ×K real bosonic equations
W a + iη¯aµν [a
µ, aν ] = 0 (297)
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that, taking into account U(K) invariance, impose 4K × K constraints on
the ADHM data which implement the hyperka¨hler quotient, and 8K ×K
fermionic constraints (for N = 4 supersymmetry)
wα˙ν¯
A + νAw¯α˙ + [Θ
αA, aµ]σ
µ
αα˙ = 0 , (298)
that reduce the number of independent fermionic zero modes. These ingredi-
ents, i.e. the constrained ADHM superdata encoded in the various open string
vertex operators and their interactions encoded in the scattering amplitudes,
are sufficient to reconstruct the classical super instanton profile as well as to
compute instanton contributions to correlation functions. In particular
Ainstµ (p;w, w¯) = 〈〈V (−1)w¯ U (0)µ (−p)V (−1)w 〉〉 = (w¯σaw)Nc×Nc η¯aµνpνe−ip·x0 ,
(299)
where U
(0)
µ is the “amputated” vertex operator
U (0)µ (−p) = 2i(∂Xµ − ip · ΨΨµ)e−ip·X (300)
in the q = 0 superghost picture. After Fourier transforming to x space one
obtains
Ainstµ (x;w, w¯) =
∫
d4p
4π2p2
Ainstµ (p;w, w¯)e
ip·x =
= (w¯σaw)Nc×Nc η¯
a
µν
(x− x0)ν
(x− x0)4 , (301)
which should coincide with the asymptotic behaviour of the unconstrained
instanton at large distance in the singular gauge. Indeed, focussing on K = 1
and Nc = 2, if one sets 2ρ
2 = w¯w by a global SU(2) rotation, one finds
Ainst,aµ (x; ρ) ≈ 2ρ2η¯aµν
(x− x0)ν
(x− x0)4 , (302)
which is the large distance term in the expansion of the celebrated BPST solu-
tion. To make contact with (1) one clearly has to extract a factor g from (302).
Higher order terms in ρ2 = w¯w/2 are sub-dominant at large distances and are
anyway determined by solving the YM equations with the given asymptotic
behaviour. By similar methods one can compute the classical asymptotic pro-
files of the other elementary fields (gauginos and scalars) that involve the 16
supersymmetry (8 Poincare´ and 8 superconformal) parameters broken by the
D-instanton but preserved by the D3-branes (in the near horizon limit). These
profiles enter the computation of instanton contributions to amplitudes.
One can then embark in the computation of instanton dominated cor-
relators. Denoting by UO(p) the unintegrated open string vertex operators
corresponding to the SYM fields O(−p), one schematically has to compute
〈O1(p1)...On(pn)〉|D−instamp = (303)
=
∫
dM〈〈UO1(−p1)〉D(M)...〈〈UOn(−pn)〉〉D(M)e−S(M) .
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The simple “product” form of the integrand is due to the fact that the am-
plitude is dominated by disconnected disks with mixed boundary conditions
D(M) obtained by inserting the non-dynamical (super)moduli fields, which
must include at least the 16 exact fermionic zero-modes. This is the most in-
teresting part of the string construction of instantons. We have only devoted
few lines to it because, once the “super-instanton” profile has been generated
and the “supermoduli” have been correctly identified, one can repeat word by
word what has been pedagogically said and carefully done in the discussion
of N = 1 SYM.
11.1 N = 2 SYM from open strings
There are various ways to realise d = 4 N = 2 SYM in string theory. The
easiest way is to put a stack of D3-branes at an orbifold point 32, let us
say the origin of R6/Γ , such that the holonomy group 33 Γ is a discrete
subgroup of SU(2) of dimension r. As discussed in [93, 112], in the context
of ALE instantons in string theory, there are essentially two kinds of branes
one can consider. Regular branes are those that transform in the “regular”
representation of Γ , i.e. the (usually reducible) representation of dimension
r =
∑
i n
2
i equal to the dimension of Γ . For instance for the cyclic group Zn,
the regular n-dimensional reducible representation is simply the direct sum
of the n one-dimensional irreducible representations. The D3-branes can be
moved away from the orbifold point, where the curvature is concentrated, to
the flat bulk in such a way that the r images in the covering space actually
correspond to one physical brane in R6/Γ . There can be other branes that
transform under smaller (irreducible) representation of Γ , e.g. any of the n−1
non trivial one-dimensional irreps of Zn, and are called “fractional” branes
in that they carry fractional R–R charge in R6/Γ , corresponding to integer
charge in the covering space. Branes of this kind cannot be moved away from
the orbifold point and give rise to gauge theories with lower supersymmetry
than branes that can be moved into the flat bulk (here “moving” has exactly
the same meaning as above). In orbifolds the curvature is concentrated at
the singularity. If a (stack of) branes is displaced from the singular (orbifold)
point and placed in the bulk, the effective field theory governing the dynamics
of the light modes enjoys N = 4 SUSY.
For definiteness, let us consider the case of Γ = Zn ⊂ SU(2), correspond-
ing to the A-series in the ADE classification of discrete subgroups of SU(2)
and thus the case of ALE instantons, see e.g. [93]. The regular representation
is n-dimensional and reducible. One starts with n stacks of Nc branes each.
32 Another possibility is to consider intersecting branes or brane with internal mag-
netic fluxes preserving N = 2 supersymmetry. Other configurations are possible
in M-theory, e.g. by wrapping M5-branes around Riemann surfaces producing SW
curves, etc.
33 If the holonomy group Γ ⊂ SU(3) one has N = 1 SYM, when Γ = 1 (trivial
holonomy group) one has N = 4 SYM.
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The reduction of SUSY from N = 4 to N = 2 is achieved by truncating the
parent theory with gauge group U(nNc) to the sector which is invariant under
the action of Zn. The natural action of Zn ⊂ SU(2) on the gauge fields and
complex scalars is given by
Aµ → Aµ , φ3 → φ3 , φ1 → ωφ1 , φ2 → ω¯φ2 , (304)
where ω = exp(2πi/n). Furthermore Zn is taken to act on the gauge group
U(nNc) via a discrete Wilson line
Wreg = (1n×n , ω 1n×n , . . . , ω
n−1
1
n×n
) , (305)
in such a way that
T a →WT aW−1 . (306)
Taking into account the combined action of Zn in (304)-(306), one concludes
that the conditionWΦW−1 = ωΦΦ, where Φ collectively denotes the (bosonic)
fields, truncates the theory to one with a vector boson and a complex scalar φ3
in the adjoint of U(Nc)
n and two complex bosons φ1,2 in the bi-fundamental
of adjacent U(Nc)’s. Since we have chosen precisely Zn ⊂ SU(2), out of the
16 supersymmetry parameters associated with the N = 4 Poincare´ super-
symmetry, 8 are invariant and generate the N = 2 Poincare´ supersymmetry.
Indeed the (2L,4) and (2R,4
∗) spinors (that arise from dimensional reduc-
tion of the 16 of N = 1 SYM in d = 10) give rise to (2L,2,1) and (2R,2,1)
spinors that are invariant under SU(2)H as well as to (2L,1,2) and (2R,1,2)
spinors that are not invariant under SU(2)H . The resulting N = 2 Poincare´
supersymmetry implies that each of the above bosons is accompanied by its
fermion superpartner that promote the theory to N = 2 SYM coupled to
hypermultiplets in the (Ni,N
∗
i+1)⊕ (N∗i ,Ni+1) representation. The one-loop
beta function of SU(Nc)
n turns out to be zero, because 2Nc− 2Nc = 0, while
the U(1) ⊂ U(Nc)n are IR free (as for any abelian gauge theory coupled to
charged matter) and thus the U(1) vector multiplets decouple at low ener-
gies. One is dealing with an exact N = 2 superconformal theory in the IR.
In fact, one can turn on v.e.v.’s of the adjoint scalar (Coulomb branch) or of
the bi-fundamentals (Higgs branch). The former generically breaks the group
to U(1)nNc , the latter to U(Nc)diag realising the expected simultaneous mo-
tion of the n stacks of Nc branes away from the fixed point into the bulk,
where supersymmetry is enhanced to N = 4, since the hypermultiplets in
the bi-fundamentals produce the extra adjoint of U(Nc)diag needed to pro-
mote a N = 2 vector multiplet to a N = 4 vector multiplet. The diagonal
U(1) ⊂ U(Nc)diag is free and corresponds to the center of mass motion of the
bound state of the various stacks of D-branes.
If instead of choosing the “regular” embedding of Zn in U(nNc) one takes
another representation for W , one gets non superconformal theories that live
on fractional branes. In the extreme case where W =Wk with
Wk = (ω
k
1
M×M
) , (307)
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and ω = e2πi/n for any k = 1, ..., n − 1 one gets pure N = 2 SYM with
gauge group U(M) where M is not necessarily a multiple of n, i.e. M 6=
nNc generically. Fractional branes are stuck at the fixed point, conventionally
put at the origin of R6/Zn and cannot move away from it. Referring to our
previous notation, out of the six real φi’s only two (one complex), φ and
φ†, survive the orbifold projection. The precise linear combination of the six
original real scalar fields is determined by the choice of the embedding of
SU(2) into the rotation group of R6, SO(6) ≈ SU(4). Similarly, out of the
four gaugini only two survive the projection, i.e. the ones that are singlets
of SU(2) ⊃ Γ and transform as a charged doublet under the SU(2) × U(1)
subgroup of SO(6) ≈ SU(4) commuting with Γ . The complexified gauge
coupling of the surviving N = 2 SYM theory with gauge group U(M) is
determined by the closed string background, i.e. the v.e.v.’s of the so-called
blowing up modes of the orbifold fixed point. The blowing up modes are
nothing but twist fields for the closed string coordinates, this means that the
OPE of the bosonic coordinates X(z, z¯) with the bosonic twist fields σ(w, w¯)
contains fractional powers. We have already encountered twist fields for the
open string coordinates. Since closed string vertex operators are given by
combinations of open string vertex operators for the left- and right-moving
excitations of the closed string, blowing up modes are described by products of
twist fields for the left and right movers, schematically σ(z, z¯) = σL(z)σR(z¯).
Indeed one may regard fractional D3-branes as D5-branes wrapped around
homologically non-trivial cycles, sometimes called “exceptional divisors”, that
are complex varieties of codimension one 34 in R4/Γ ≡ C2/Γ , that shrink to
zero size, i.e. to zero area in one’s preferred units, at the fixed point in the
orbifold limit, i.e. prior to resolution of the singularity. For a Zn singularity
there are n − 1 two-spheres that intersect according to the Cartan matrix
of An−1. The complexified coupling is given by the “period integrals” of the
2-form B2 + iC2, with B2 belonging to the Neveu–Schwarz – Neveu–Schwarz
(NS–NS) sector and C2 belonging to the R–R sector. For regular branes, the
gauge coupling of the diagonal subgroup, the one surviving when the branes
move to the bulk, is given by Φ+ iC0, where Φ is the NS–NS dilaton and C0 is
the R–R scalar “axion”. Indeed one can show that the corresponding tadpoles
precisely match the one-loop running of the couplings [113,114]!
Essentially the same analysis applies to open strings with both ends on
D(−1)-branes (D-instantons). Taking K fractional D-instantons with
WD−instl = (ω
l
1
K×K ) , (308)
produces the truncation of the world-volume low-energy theory to pure (0-
dimensional!) N = 2 SYM with gauge group U(K). The surviving adjoint
scalars will be denoted by χ and χ†. The two associated non-dynamical
fermions will be denoted by Θrα with r = 1, 2 and their conjugates by Θ¯
α˙
r .
Setting
34 Recall that Γ ⊂ SU(2) only acts on C2 ≡ R4 ⊂ C3 ≡ R6.
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aµ
K×K
= xµ01K×K + y
µ
gT
g
K×K
, (309)
where Tg
K×K
are the generators of SU(K), and
Θrα
K×K
= θrα0 1K×K + ζ
rα
g T
g
K×K
(310)
one can regard xµ0 and θ
rα
0 as coordinates in N = 2 superspace.
Open strings connecting Nc fractional D3-branes to K fractional D-
instantons belong to the bi-fundamental (Nc, K¯) representation of U(Nc) ×
U(K). The bosonic modes wα˙ and w¯α˙ are as in the N = 4 case, while the
fermionic modes are halved and will be consistently denoted by νr and ν¯r.
In the double scaling limit α′ → 0, g0 → ∞ (g0 has mass dimension
+2) with (4π2α′g0)2 = 4πgs = g2 fixed, the non dynamical moduli fields are
governed by the action
SN=2moduli = Sbose + Sfermi + SADHM , (311)
where
SN=2bose = TrK
(−2[χ†, aµ][χ, aµ] + χwα˙w¯α˙χ† + χ†wα˙w¯α˙χ)
SN=2fermi = i
√
2
2
εrsTrK
(
νr ν¯sχ† −Θr [χ,Θs]) (312)
SN=2ADHM = −iTrK [Θ¯α˙r (wα˙ν¯r + νrw¯α˙+[Θαr, aµ]σµαα˙)−Xa(W a + iη¯aµν [aµ, aν ])].
Varying the action w.r.t. Xa and Θ¯
α˙
A yields the N = 2 super ADHM con-
straints
W a + iη¯aµν [a
µ, aν ] = 0 (313)
and
wα˙ν¯
r + νrw¯α˙ + [Θ
αr , aµ]σ
µ
αα˙ = 0 . (314)
As before, one can perform a Hubbard–Stratonovich transformation and re-
place the quartic couplings in SN=2bose with trilinear couplings to auxiliary fields
Y µ
K×K
and U α˙
Nc×K
and U¯ α˙
K×Nc
and their conjugates. As a result one gets
SN=2bose = TrK
(
2Y µY †µ − 2Yµ[χ†, aµ]− 2Y †µ [χ, aµ] + (315)
+ U †α˙U
α˙ + U¯ †α˙U¯
α˙ + U¯ †α˙w¯
α˙χ+ U¯α˙w¯
α˙χ† + χwα˙U †α˙ + χ
†wα˙Uα˙
)
.
Computing amplitudes with insertions of the scalar field vertex operator
V
(−1)
φ (p) = φ(p)e
−ϕeip·X (316)
at p = 0, that correspond to turning on a v.e.v. for φ in the Cartan subalgebra
of U(Nc), one can construct the relevant action for the moduli fields. By the
invariance of the scattering amplitudes under the exchange of the dynamical
field φ with the non-dynamical field χ, the effect of the presence of a constant
φ in the computation of instanton effects simply amounts to the replacements
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χK×K ⊗ 1Nc×Nc → χK×K ⊗ 1Nc×Nc − 1K×K ⊗ φNc×Nc (317)
and
χ†K×K ⊗ 1Nc×Nc → χ†K×K ⊗ 1Nc×Nc − 1K×K ⊗ φ†Nc×Nc . (318)
It is crucial to observe at this point that φ and φ† do not enter the fermionic
action in the same way, indeed the additional terms in the fermionic action of
the N = 2 supermoduli read
∆SN=2fermi = i
√
2
2
εrsTrK
(
νrφ†ν¯s
)
. (319)
As a consequence all 2K(Nc − 2) zero-modes associated with ν¯r and νs are
lifted.
11.2 SW prepotential from string instantons
Let us now specialise to the case of a SU(2) gauge group. We are ready
to accomplish the task of checking the SW prepotential, FSW, by means of
Veneziano’s open string theory! The Wilsonian effective action for the light
neutral modes is
Seff [Φ] =
∫
d4xd4θF(Φ) + h.c. , (320)
where Φ = Φ3σ
3/2 is the N = 2 vector superfield,
Φ(x, θ) = φ(x)+θαr λ
r
α(x)+
1
2
θαr θ
β
s (ε
rsσµναβFµν(x)+σ
rs
a εαβX
a(x))+· · · . (321)
In (321) · · · stands for higher order terms in θ’s that can be expressed in
terms of the lowest components. We hope the reader does not get confused by
the notation. In this section, Φ denotes an N = 2 chiral superfield (previously
denoted by A), φ is its lowest component and v denote the v.e.v. of φ, while
a or more precisely aµ are the non dynamical moduli fields.
The contribution of the K-instanton sector to Seff [Φ] is given by
S
(K)
eff [Φ] =
∫
MK
dµK e
−SK(Φ,µ) , (322)
where µ collectively denotes the supermoduli parametrising MK . Separat-
ing the collective coordinates xµ0 and θ
rα
0 and, dropping the subscript 0 for
simplicity, one gets
S
(K)
eff [Φ] =
∫
d4xd4θ
∫
MˆK
dµˆK e
−SK(Φ,µˆ) , (323)
so that comparison with the formula (323) yields
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FK(Φ) =
∫
MˆK
dµˆK e
−SK(Φ,µˆ) , (324)
where MˆK denotes the supermoduli space of “centered” instantons. MˆK de-
scribes configurations with fixed position of the center of mass of the various
instantons, which in turn are parameterised by µˆ’s, i.e. by the collective co-
ordinates that do not move the position of the center of mass. Since Φ(x, θ)
may be taken to be a constant (slowly varying) superfield Φ(x, θ) = φ inde-
pendent of the µˆ’s, one can compute FK(φ) and then promote the argument φ
to a chiral superfield by holomorphy in the low energy approximation. Indeed
higher (super)derivatives would contribute to the 1PI effective action. Resum-
ming the infinite number of such contributions should reveal the spectrum of
stable particles (BPS monopoles and dyons), expected on the basis of the SW
analysis. The study of this feature is beyond the scope of the present analysis.
Following this strategy till the end, one finds
FK(φ) = CKφ2 Λ
4K
φ4K
, (325)
where Λ = v exp(−8π2/g2(v)b1) is the RG invariant scale, dynamically gen-
erated by dimensional transmutation, and v is an arbitrary scale that can be
taken to coincide with the v.e.v. of φ. The coefficients of the φ expansion of F
can be computed by setting φ to any convenient value, including φ = 0, and
are given by
CK =
∫
MˆK
dµˆK e
−SK(φ=0,µˆ) . (326)
The coefficients CK are also known as Gromov-Witten invariants. They have
been explicitly computed forK = 1 andK = 2 by performing the integral over
MˆK and shown to match with the SW proposal and to reproduce Matone’s
relations, as previously reviewed.
In fact, as previously shown in Sect. 10.2, they can all be computed
by exploiting powerful localisation properties of the integral over the (su-
per)moduli space. Nekrasov and collaborators [79–82] have been able to lo-
calise the integrals over instanton moduli spaces by turning on the so-called
Ω-background, characterised by a constant self-dual antisymmetric tensor
Ωµν = εaη
a
µν . From the string vantage point, the Ω-background amounts
to a constant R–R graviphoton field-strength in the (Euclidean) spacetime
directions fµν = faη
a
µν . The precise numerical factor is
1
2 so that fµν =
1
2Ωµν
or fa =
1
2εa. In the presence of such a background the D3-brane action gets
modified to 35
SD3 = SSYM −
∫
d4x [2igfµνTrNc(φ¯F
µν) + g2fµνf
µν TrNc(φ¯
2)] , (327)
35 In order to expose the relative strength of the various terms in the action, we
henceforth switch to the perturbative normalisation, whereby we drop the overall
1/g2.
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where TrNc denotes the trace over the Nc dimensional representation of the
U(Nc) Chan–Paton group associated with the D3-branes. The modification of
the effective action of the D3-branes after switching on the Ω-background can
be derived by the procedure of computing open string scattering amplitudes
on the disk with an insertion of a closed string vertex operator for the R–
R graviphoton. In the canonical (−1/2,−1/2) superghost picture the vertex
operator for the R–R graviphoton reads
Vf = fµνS
ασµναβ S˜
βΣΣ˜†e−(ϕ+ϕ˜)/2 . (328)
We observe that the only relevant amplitude is
〈〈V (−1)A V (0)φ¯ V
(−1/2,−1/2)
f 〉〉 . (329)
In fact all other amplitudes, including the one with V
(0)
φ¯
replaced by V
(0)
φ , ei-
ther vanish or are irrelevant in the low energy limit, i.e. produce higher deriva-
tive terms. The combined effect of the Ω-background and the non-vanishing
v.e.v. for φ is to replace the standard ADHM matrix ∆
(Nc+2K)×2K
with
∆
(Nc+2K)×2K
→ ∆
(Nc+2K)×2K
+ iA
(Nc+2K)×2K
(v, ε) + · · · . (330)
It is important to note hat the upper block of A
(Nc+2K)×2K
(v, ε) is given by
Aup
Nc×2K
(φ, ε) = φuvw
v
iα˙ − wujα˙χji , (331)
where u, v = 1, ...Nc, i, j = 1, ...,K, and the lower block is
Alow
2K×2K
(v, ε) = [χ, aµ]σ
µ
αα˙ + εaσ
a
α
βaµσ
µ
βα˙ . (332)
As in the standard (commutative, in the absence of graviphoton background,
i.e. for Ω = 0) case, the gauge field can be written in the convenient form
gAµ = U
†∂µU , which, as before, is not a pure gauge because U is not an
Nc ×Nc matrix.
The fermionic zero modes can be parametrised as
g1/2λαr = U †(Lrf(w, x)b¯α + bαf(w, x)L¯r)U , (333)
where Lr, L¯r are K × K spinor matrices satisfying the super ADHM con-
straints and b, b¯ are (Nc +2K)× 2K constant spinor matrices with vanishing
upper block and diagonal lower block. Moreover, one has
f
K×K
(w, x) = (w¯α˙w
α˙ + (a− x1)2)−1 (334)
as a consequence of the ADHM constraints. Finally, the scalar field profile in
the presence of the non-commutative Ω background is given by
φ = i
√
2ǫrsU
†Lrf(w, x)L¯sU + U †JU (335)
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and correctly satisfies
D2φ = −i
√
2ǫrsλ
αrλsα − igΩµνFµν (336)
to lowest order in g with Fµν = F˜µν . We note that J is an (Nc + 2K) ×
(Nc + 2K) block diagonal matrix with the upper block J upNc×Nc = vNc×Nc ,
where v
Nc×Nc
represents the v.e.v. of the dynamical scalar fields φ
Nc×Nc
, and
the lower block J low
2K×2K
= χ
K×K
⊗ 1+ 1 ⊗ εaσa, where χK×K represents the
non-dynamical scalar fields (moduli).
In principle one can analyse by similar means gauge theories with lower
(N = 1) or no supersymmetry. This analysis is only in its infancy and goes
beyond the scope of this review. It is the subject of very intense research
activity at present, see e.g. [115]. We hope we have provided the interested and
proficient reader with the necessary tools to enter the arena of this fascinating
endeavor.
12 Instanton effects in N = 4 SYM
In the following sections we shall review the calculation of instanton effects
in N = 4 SYM [70]. This is the maximally extended (rigid) supersymmetric
theory in four dimensions and possesses a number of remarkable properties.
It is ultra-violet finite [116] and provides an example of four dimensional
quantum field theory with exact conformal invariance at the quantum level.
The theory is also believed to be invariant under a strong↔weak coupling
duality, known as S-duality, which generalises the Montonen–Olive electric-
magnetic duality [73,102]. Originally the interest in the theory was driven by
the discovery of its finiteness properties. In recent years it has been extensively
studied in the context of the AdS/CFT duality [88–90], which relates it to type
IIB superstring theory in an AdS5 × S5 background.
As a conformal field theory N = 4 SYM has rather different physical
properties from those of the N = 1 and N = 2 theories previously discussed.
However, instanton effects play a decisive roˆle also here and the methods of
supersymmetric instanton calculus described in the previous sections have
recently been extensively applied to the study of non-perturbative aspects of
the model. In particular, instantons are expected to be instrumental to the
realisation of S-duality in N = 4 SYM and the study of their contributions
has led to some of the most striking tests of the validity of the AdS/CFT
correspondence.
After a brief overview of the structure of N = 4 SYM and its notable
properties, in Sects. 14-16 we shall describe the calculation of instanton con-
tributions to correlation functions, essentially following the method that in
Sect. 2 was called the SCI method. In Sects. 17 and 18 we shall then discuss
the roˆle of instantons in the AdS/CFT duality.
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13 N = 4 supersymmetric Yang–Mills theory
The N = 4 supersymmetric Yang–Mills theory was originally constructed
in [70] as the dimensional reduction of the ten-dimensional N = 1 super-
symmetric Yang–Mills theory on a six-torus. The field content of the theory
consists of a gauge field, Aµ, four Weyl fermions, λ
A
α (A = 1, . . . , 4), and
six real scalars, ϕi (i = 1, . . . , 6). In terms of N = 1 multiplets these fields
combine into one vector and three chiral multiplets. All the fields are in the
adjoint representation of the gauge group, which in most of the following will
be taken to be SU(Nc). The global supergroup of symmetries of the theory
is PSU(2, 2|4), whose maximal bosonic subgroup is SO(2, 4) × SU(4). The
SO(2, 4) factor is the four-dimensional conformal group and SU(4) is the
R-symmetry group under which the fermions transform in the 4 (and their
conjugates in the 4¯), the scalars in the 6 and the gauge field is a singlet. It
is often convenient to label the scalars by an antisymmetric pair of indices in
the 4, as ϕAB , subject to the reality constraint
ϕ¯AB = (ϕ
AB)† =
1
2
εABCDϕ
CD . (337)
The two parametrisations are related by
ϕi =
1√
2
ΣiABϕ
AB , ϕAB =
1√
8
Σ¯ABi ϕ
i , (338)
where ΣiAB (Σ¯
AB
i ) are Clebsch-Gordan coefficients projecting the product of
two 4’s (two 4¯’s) onto the 6. They can be expressed in terms of the ’t Hooft
symbols [2] as
ΣiAB = (Σ
a
AB, Σ
a+3
AB ) = (η
a
AB , iη¯
a
AB) , (339)
Σ¯ABi = (Σ¯
a
AB, Σ¯
a+3
AB ) = (−ηABa , iη¯ABa ) , i = 1, . . . , 6 , a = 1, 2, 3 .
The elementary fields are conveniently represented as colour matrices and the
classical action of the theory, which is uniquely determined (up to the choice
of gauge group) by N = 4 supersymmetry, can be written as
S=
∫
d4xTr
{
1
2
FµνF
µν + 2Dµϕ
ABDµϕ¯AB − 2iλαA /Dαα˙λ¯α˙A− (340)
−2gλαA[λBα , ϕ¯AB ]− 2gλ¯α˙A[λ¯α˙B , ϕAB]− 2g2[ϕAB, ϕCD][ϕ¯AB , ϕ¯CD]
}
.
The action (340) is invariant under the supersymmetry transformations
δǫϕ
AB =
1
2
(
λαAǫBα − λαBǫAα
)
+
1
2
εABCD ǫ¯α˙C λ¯
α˙
D
δǫλ
A
α = −
1
2
Fµνσ
µν β
α ǫ
A
β + 4i
(
/Dαα˙ϕ
AB
)
ǫ¯α˙B − 8g[ϕ¯BC , ϕCA]ǫBα (341)
δǫA
µ = −iλαAσµαα˙ǫ¯α˙A − iǫαAσµαα˙λ¯α˙A .
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Given the gauge group, the action (340) contains a single parameter, the cou-
pling constant g 36. The absence of divergences in the theory implies that the
corresponding β-function vanishes. As discussed in Appendix C, it is possible
to add to the action a ϑ-term.
The N = 4 SYM theory has a vacuum manifold parametrised by the
v.e.v.’s of the six scalars which make the potential vanish. The resulting mod-
uli space turns out to be
M = R6r/Sr , (342)
where r is the rank of the gauge group and Sr is the group of permutations of
r elements. At a generic point of the moduli space the theory is in a Coulomb
phase and the gauge group is broken down to U(1)r. In this phase and in
the presence of a ϑ-term the theory contains BPS-saturated monopole and
dyon states characterised by integer quantum numbers, qe and qm, associated
with their electric and magnetic charges [100,101]. The conjectured S-duality
of N = 4 SYM requires that the spectrum of such states be invariant under
the action of SL(2,Z) transformations acting projectively on the complexified
coupling, τ (defined in (141)),
τ → aτ + b
cτ + d
, a, b, c, d ∈ Z , ad− bc = 1 , (343)
while simultaneously rotating the electric and magnetic quantum numbers
according to (
qe
qm
)
→
(−a b
c −d
)(
qe
qm
)
. (344)
Significant evidence in support of this conjecture has been obtained using
semi-classical methods [117].
The conformal phase of the theory corresponds to the origin of the moduli
space where all the scalar v.e.v.’s vanish. As already observed, at this point the
classical (super)conformal symmetry is preserved at the quantum level, result-
ing in a non-trivial interacting conformal field theory. In this phase the fun-
damental observables are correlation functions of gauge-invariant composite
operators constructed from the elementary fields in (340). Such operators are
classified according to their transformation under the global symmetries and
are organised in multiplets of the superconformal group, PSU(2, 2|4). Some
properties of the N = 4 superconformal group and its multiplets are reviewed
in Appendix I. Each operator is characterised by its quantum numbers with
respect to the bosonic subgroup SO(2, 4)×SU(4). These can be chosen to be
two spins, (j1, j2), and the scaling dimension, ∆, identifying the transforma-
tion under the conformal group together with three Dynkin labels, [k, l,m],
identifying the SU(4) representation under which the operator transforms.
36 In the following we will maintain the notation used in the previous sections,
denoting the Yang–Mills coupling by g. The string coupling constant will be
denoted by gs.
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N = 4 composite operators can be broadly divided into two classes, protected
operators belonging to short or semi-short “BPS” multiplets of the supercon-
formal group and unprotected ones belonging to long multiplets [92,118]. Cor-
relation functions of protected operators satisfy special non-renormalisation
properties. A notable example of BPS multiplet is the one comprising the
PSU(2, 2|4) conserved currents, i.e. the energy-momentum tensor, Tµν , and
the supersymmetry and R-symmetry currents, ΣµαA and J µBA , respectively.
We give here the explicit form of the first few components of the Tµν multiplet
Q[A1B1][A2B2] = Tr (2ϕA1B1ϕA2B2 + ϕA1A2ϕB1B2 + ϕA1B2ϕA2B1)
XA1[A2B2]α = Tr
(
2λA1α ϕ
A2B2 + λA2α ϕ
A1B2 − λB2α ϕA1A2
)
E(A1A2) = Tr
(
−λαA1λA2α + g t(A1A2)CDEFGH ϕCDϕEFϕGH
)
(345)
B[A1A2]µν = Tr
(
λαA1σµν α
βλA2β + 2iFµνϕ
A1A2
)
ΛAα = Tr
{
σµν βα Fµνλ
A
β + g[ϕ¯BC , ϕ
CA]λBα +
(
/Dαα˙λ¯
α˙
B + g[λ
C
α , ϕ¯BC ]
)
ϕAB
}
.
The operatorQ is the lowest component of the multiplet and transforms in the
20′ of the SU(4) R-symmetry, E and Bµν are respectively in the 10 and 6 and
the fermionic operators Xα and Λα transform in the 20 and 4 respectively.
The tensor t
(A1A2)
CDEFGH in E projects the product of three 6’s onto the 10.
In the next sections we shall study various examples of correlation functions
involving the operators in (345). We shall also consider other BPS multiplets
in the same class whose lowest component is a dimension ℓ scalar operator
which, in terms of the ϕi scalars, takes the form 37
Q{i1i2···iℓ}ℓ = Tr
[
ϕ{i1ϕi2 · · ·ϕiℓ}
]
. (346)
The first example of long (non-BPS) multiplet is the N = 4 Konishi multiplet,
whose lowest component is the dimension 2, SU(4) singlet scalar
K1 = εABCD Tr
(
ϕABϕCD
)
. (347)
Conformal invariance implies that, given a complete basis of operators in
the theory, any correlation function is fully determined, via the Operator
Product Expansion (OPE), by two sets of numbers, the scaling dimensions
of the operators and the Wilson coefficients that couple triplets of operators.
Both scaling dimensions and Wilson coefficients receive perturbative and non-
perturbative quantum corrections, so they are non-trivial functions of the
coupling, g, and the ϑ-angle.
The spectrum of scaling dimensions in N = 4 SYM has been the subject of
extensive study in the context of the AdS/CFT correspondence. The scaling
37 We use curly brackets to denote symmetrisation with subtraction of traces. For
simple symmetrisation and anti-symmetrisation we use parentheses and square
brackets, respectively.
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dimensions of composite operators are determined by their two-point correla-
tion functions. For a primary operator, O(x), conformal invariance fixes the
form of the two-point function 〈O(x)O†(y)〉 to be
〈O(x)O†(y)〉 = c
(x− y)2∆ , (348)
where ∆ is the scaling dimension and c is a constant which may, in general,
depend on g and the ϑ-angle 38. In general ∆ receives quantum corrections,
∆ = ∆0+γ, where ∆0 is the bare or engineering dimension and γ the anoma-
lous part. The latter has an expansion of the form
γ(g, ϑ) =
∞∑
n=1
γpertn g
2n +
∑
K>0
∞∑
m=0
[
γ(K)m g
2m e(−8π
2/g2+iϑ)K + c.c.
]
, (349)
where the first series contains the perturbative contributions and the second
double series the instanton and anti-instanton contributions. The two-point
functions of protected operators are not renormalised implying that their bare
dimensions are not corrected (∆ = ∆0).
The behaviour (349) of the anomalous dimensions illustrates an important
feature of N = 4 observables. In general physical quantities receive contribu-
tions at all orders in perturbation theory and from all instanton sectors. More-
over in each instanton sector there exists an infinite series of perturbative cor-
rections arising from fluctuations around the leading instanton semi-classical
contribution. This is the consequence of the absence of chiral selection rules
and marks an important difference with respect to the cases of N = 1 and
N = 2 theories considered in the previous sections. Indeed, in N = 4 SYM
there are no anomalous U(1)’s. As a consequence, as will be discussed in the
next sections, there exist no correlation functions which are dominated by the
contribution of specific instanton sectors.
In the conformal phase the field equations of N = 4 SYM admit no (non-
singular) monopole or dyon solutions and the conjectured S-duality has a
different realisation. Specifically it requires that the spectrum of scaling di-
mensions of gauge-invariant operators be invariant under the SL(2,Z) trans-
formations (343). This suggests that the scaling dimensions should naturally
be written as functions of τ and τ¯ in the form
∆ = ∆(τ, τ¯ ) = ∆0 + γ(τ, τ¯ ) . (350)
We then conclude that instanton effects, which are the source of the ϑ de-
pendence in (349), must play a crucial roˆle here. Similarly, it can be argued
38 This is actually an over-simplification. In general, in a given sector characterised
by certain quantum numbers, one needs to consider a complete set of operators
and resolve their mixing. The resolution of the operator mixing diagonalises the
matrix of two-point functions. Only after this step equations of the form (348)
determine the physical scaling dimensions.
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that instantons are important in determining the behaviour of correlation
functions under S-duality. As will be discussed in Sects. 17 and 18, the argu-
ments outlined here also resonate with what is understood about the roˆle of
D-instantons in the dual type IIB string theory compactified on AdS5 × S5.
Unfortunately, little is known beyond these qualitative considerations and the
details of how the S-duality of N = 4 SYM is implemented in the supercon-
formal phase remain largely elusive, see, however, [119] and [120] for recent
progress.
14 Instanton calculus in N = 4 SYM
In this section we discuss some general features of instanton calculus in the
N = 4 SYM theory, highlighting the differences with respect to the N = 1
and N = 2 cases. In the next section we analyse in more detail one-instanton
contributions to some specific correlation functions, focussing on the case of
SU(Nc) gauge group which is particularly important for the applications to
the AdS/CFT correspondence. Multi-instanton configurations are described
using the ADHM formalism [19] (see also Sect. 9.2). A full account of the tech-
nical aspects of the ADHM construction is beyond the scope of the present
work. A comprehensive review of multi-instanton calculus in supersymmetric
gauge theories can be found in [6]. The calculation of multi-instanton contri-
butions is extremely involved and their direct evaluation is only possible for
small instanton numbers (although remarkable progress was made in [81,82].
See the discussion in Sect. 10). However, dramatic simplifications occur in the
large Nc limit of relevance for the AdS/CFT duality. A brief review of the
computation of multi-instanton corrections to N = 4 correlators in this limit
will be given in Sect. 16 following the work of [121].
The calculation of correlation functions inN = 4 SYM in the semi-classical
approximation proceeds as described in a general setting in Sect. 2. The path
integral is evaluated using a saddle point approximation around the instanton
configuration and thus reduced to a finite dimensional integral over the collec-
tive coordinate manifold associated with bosonic and fermionic zero- modes.
However, the form of the interaction terms in the N = 4 action (340), and
in particular the coupling to the scalar fields, requires a modification of the
previous analysis.
In principle, as done in Sect. 2, it is possible to use as saddle point config-
uration the solution in which the gauge field is given by the standard bosonic
instanton with all the other fields vanishing, i.e.
Aµ = A
I
µ , λ
A
α = λ¯
α˙
A = ϕ
AB = 0 . (351)
The fluctuations of the various fields in the background of this configuration,
including fermions, should then be treated perturbatively. This results in an
expansion which, in the case under consideration of N = 4 SYM, is somewhat
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hard to handle beyond leading order. A more efficient approach consists in
utilising as saddle point configuration a finite action solution of the complete
set of coupled field equations of the theory including higher order corrections
in g. This also provides a natural framework for implementing the supersym-
metric generalisation of the ADHM construction.
A generic n-point correlation function computed in the semi-classical ap-
proximation around such a saddle point has an expression analogous to (23)-
(25) which we schematically rewrite in the form
〈O1(x1) · · · On(xn)〉 =
∫
dµ(β, c) e−Sinst Oˆ1(x1;β, c) · · · Oˆn(xn;β, c) , (352)
where dµ(β, c) is the integration measure over the bosonic (β) and fermionic
(c) collective coordinates arising from the zero-mode fluctuations around the
classical solution and Sinst is the action evaluated on the solution. With Oˆi we
denote the classical expressions of the operators at the saddle point. The latter
depend on the insertion points of the operators and the collective coordinates.
For pure N = 1 SYM there exists a whole manifold of saddle points
(including the one in (351)) which correspond to field configurations with
Aµ = A
I
µ, a gaugino solution of the Weyl–Dirac equation
/¯D
α˙α
λα = 0 , (353)
and the anti-chiral fermion, λ¯α˙, identically zero. The resulting semi-classical
expectation values involve integrals over the nB bosonic collective coordinates
as well as the nF fermion zero-modes resulting from the index theorem and
discussed in previous sections.
The generalisation of this analysis to the N = 4 case incurs in a seri-
ous obstacle: no exact topologically non-trivial solution of the coupled field
equations is known except (351). The N = 4 SYM field equations read
DµF
µν + i g{λαAσναα˙, λ¯α˙A}+
1
2
g[ϕ¯AB, D
νϕAB] = 0
D2ϕAB +
√
2 g[{λαA, λBα }+
1
2
εABCD{λ¯α˙C , λ¯α˙D}]−
g2
2
[ϕ¯CD, [ϕ
AB, ϕCD]] = 0
/¯D
α˙α
λAα + i
√
2 g[ϕAB, λ¯α˙B ] = 0 (354)
/Dαα˙λ¯
α˙
A − i
√
2 g[ϕ¯AB, λ
B
α ] = 0 .
In the following discussion we denote by Φ(n) a solution of the classical equa-
tions of motion for the generic field Φ which depends on n zero modes of
the Dirac operator in the instanton background. As already observed, the
equations (354) are solved by the purely bosonic configuration (351), where
AIµ = A
(0)
µ is a charge-K instanton, with nB associated collective coordinates.
One can try to do better and solve iteratively the full set of coupled equa-
tions (354). Upon substituting the instanton solution (351), the equation for
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λA is of the form (353) and admits nF independent solutions for each “flavour”
A = 1, . . . , 4. After this first step of the iteration, which generates a non-trivial
solution, λ
A(1)
α , for the gauginos, one notices that the configuration
Aµ = A
(0)
µ , λ
A
α = λ
A(1)
α , ϕ
AB = λ¯α˙A = 0 , (355)
unlike what happens in the cases of N = 1 and N = 2 SYM, is not a so-
lution of (354) and the process has to continue. The equation for the scalar
fields, obtained inserting back λ
A(1)
α , admits a solution which is bilinear in the
fermion modes, ϕAB(2). Again the resulting configuration
Aµ = A
(0)
µ , λ
A
α = λ
A(1)
α , ϕ
AB = ϕAB(2) , λ¯α˙A = 0 , (356)
is not an exact solution of (354). A further iteration generates a non-trivial
field configuration, λ¯
α˙(3)
A , for the anti-chiral fermions involving three zero-
modes. At this point also the first equation in (354) gets an extra term, so
that at the next step a modification, A
(4)
µ , of the standard bosonic instanton
is necessary. One may notice that the field strength associated with A
(4)
µ is no
longer (anti-)self-dual.
In principle this recursive procedure can only stop when, after a number of
successive iterations, a field configuration involving a number of fermion modes
exceeding nF is generated. The first few steps of the construction described
above were explicitly carried out in [122]. However, a complete super-instanton
multiplet, which would exactly solve (354) in closed form is not known. Indeed
it has been argued in [6] that for generic gauge group such an exact solution
may not exist. In spite of this obstacle it is possible to consistently compute
the semi-classical contribution to correlation functions expanding the path
integral around an appropriately approximate solution. The crucial observa-
tion is that successive steps in the iterative procedure outlined above produce
corrections to the solution which are suppressed by increasing powers of g.
Therefore in the weak coupling limit it is consistent to employ as saddle point
configuration an approximate truncated solution of the equations of motion
in which only terms up to a certain power of g are retained. Thus the idea
is to solve the field equations to leading order and include in the integration
in (352) all the zero-modes of the truncated equations. For the purpose of
computing correlators in the semi-classical approximation the relevant saddle
point is determined by solving the system
Fµν = F˜µν
/¯D
α˙α
λAα = 0 (357)
D2ϕAB = g
√
2
(
λαAλBα − λαBλAα
)
,
with the integration measure in (352) including all the associated fermion
zero-modes. The action evaluated on the solution of (357) is not simply given
by 8π2/g2, but manifestly depends on a subset of the collective coordinates
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Sinst =
8π2
g2
− iϑ+ S˜inst(β˜, c˜) , (358)
where we have denoted with β˜ and c˜ the collective coordinates associated with
the “non-exact” zero-modes, i.e. those which are zero-modes of the truncated
equations (357), but not of the full coupled equations (354). These non-exact
zero-modes are said to be “lifted” by the interactions. As will be discussed
more explicitly in the next section, in the case of gauge group SU(Nc), the only
fermion modes which remain unlifted are those associated with the Poincare´
and special supersymmetries which are broken in the instanton background.
All the remaining modes are lifted by the coupling to the scalars.
The lifting of fermion zero-modes has important consequences for the prop-
erties of correlation functions which receive instanton contributions. Since
some of the fermionic collective coordinates (c˜ in the formula above) ap-
pear explicitly in the action, it is not necessary to saturate the corresponding
fermionic integrations with the operator insertions in order to obtain a non-
vanishing result. This implies that in the N = 4 theory there are no (strict)
selection rules determining which correlation functions receive contributions
from which winding number sector, unlike what happens in the N = 1 and
N = 2 cases. In particular non-vanishing correlators receive contributions
from configurations with arbitrary instanton number. This result emerging
from explicit calculations has its origin in the absence of an anomalous U(1)
R-symmetry in N = 4 SYM.
It must be stressed that the approach described here is consistent only if
restricted to the calculation of the leading order contributions in g (see (357)).
The reason is that in order to go to higher orders in a consistent way one should
also take systematically into account all the quantum fluctuations that beyond
the semi-classical approximation have been neglected.
15 One-instanton in N = 4 SYM with SU(Nc) gauge
group
In the one-instanton sector the approach described in the previous section
can be implemented in a straightforward way. We focus here on the case of
SU(Nc) gauge group, but the generalisation to orthogonal and symplectic
groups is not too difficult. As explained above, we shall use as saddle point
for the calculation of correlation functions in the semi-classical approximation
the solution to the truncated equations (357) 39. The resulting saddle-point
field configuration is characterised by 4Nc bosonic collective coordinates. As
39 In preparation for the forthcoming discussion on the AdS/CFT duality we shall
from now on work with fields rescaled by a factor of g. Consequently the action of
the N = 4 theory will have an overall factor 1/g2 in front. This is the normalisa-
tion which arises naturally in the dual string theory and therefore this rescaling
will simplify the comparison of string and gauge theory results.
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we know they are the position, x0, and size, ρ, of the instanton and its global
gauge orientation parameters. The latter can be conveniently identified with
the set of variables, wuα˙ and w¯
α˙u (where u = 1, . . . , Nc is a colour index and
α˙ = 1, 2 is a spinor index), parametrising the coset SU(Nc)/SU(Nc−2)×U(1)
describing the SU(2) colour orientation of the instanton and its embedding
into SU(Nc) [9]. Moreover, as we will be working with the approximate solu-
tion of (357), all the 8Nc fermionic collective coordinates associated with the
zero modes of the Dirac operator will be included in the integration measure.
These comprise the sixteen moduli associated with the Poincare´ and special
supersymmetries broken by the bosonic instanton and denoted respectively
by ηAα and ξ¯
A
α˙ (A = 1, 2, 3, 4). For brevity we shall refer collectively to these
modes as superconformal modes. The remaining fermion moduli, which can be
thought of superpartners of the gauge orientation parameters, are described
by 8Nc parameters, ν
A
u and ν¯
Au, subject to the 2× 8 constraints
w¯α˙uνAu = 0 , ν¯
Auwuα˙ = 0 , (359)
which effectively reduce their number to 8(Nc − 2).
As discussed in the previous section, only the sixteen superconformal
modes remain exact zero modes to all orders in g. The νAu and ν¯
Au modes
are lifted and appear explicitly in the instanton action. The solution of the
coupled equations (357) generates a non-trivial configuration for the scalars,
ϕAB, which is bilinear in the 8Nc fermion zero-modes. Substituting this so-
lution, together with λ¯α˙A = 0, in the action (truncated to the cubic couplings
for consistency with our iterative procedure) gives
Sinst = −2πiτ + S4F = −2πiτ + π
2
2g2ρ2
εABCD FABFCD , (360)
where τ was defined in (141) and
FAB = 1
2
√
2
(
ν¯AuνBu − ν¯BuνAu
)
. (361)
It is the four-fermion term, S4F , arising from the Yukawa couplings
λA[λB, ϕ¯AB] which is responsible for the lifting the of the 8(Nc − 2) νAu and
ν¯Au modes.
15.1 A generating function
In the following we only consider correlators of gauge-invariant operators for
which the integration over the moduli describing the global orientation of
the instanton simply produces a volume factor which can be absorbed in the
measure [9]. We denote by dµphys the gauge-invariant, or physical, integra-
tion measure on the instanton moduli space obtained after integration over
the gauge orientation parameters. The physical measure to be used in the
94 Massimo Bianchi, Stefano Kovacs, and Giancarlo Rossi
calculation of expectation values in semi-classical approximation in the one-
instanton sector is 40∫
dµphys e
−Sinst =
π−4Ncg4Nce2πiτ
(Nc − 1)!(Nc − 2)! × (362)
×
∫
dρ d4x0
4∏
A=1
d2ηAd2ξ¯A dNc−2νAdNc−2ν¯A ρ4Nc−13e−S4F ,
where the instanton action is given in (360)-(361) and the ρ, g and Nc de-
pendence is the result of the normalisation of the collective coordinates as
explained in Sect. 2.
Following [121] the integration over the 8(Nc − 2) non-exact modes, νAu
and ν¯Au, can be reduced to a Gaussian form introducing auxiliary bosonic
coordinates, χi, i = 1, . . . , 6, and rewriting the r.h.s. of (362) in the form
π−4Ncg4Nce2πiτ
(Nc − 1)!(Nc − 2)!
∫
dρ d4x0 d
6χ
4∏
A=1
d2ηAd2ξ¯A dNc−2νAdNc−2ν¯A ×
×ρ4Nc−7 exp
[
−2ρ2χiχi + 4πi
g
χABFAB
]
, (363)
where χAB =
1√
8
ΣiABχ
i and FAB is defined in (361).
The semi-classical contribution to a correlation function of local gauge-
invariant operators is obtained by integrating the product of their profiles in
the instanton background with the above measure. The integration over the
Grassmann variables in (363) requires that the classical expressions of the op-
erators soak up the sixteen fermion modes ηAα and ξ¯
A
α˙ for the result to be non-
zero. The Grassmann integrals over the νA and ν¯A modes are non-vanishing
even if the operators do not contain any dependence on these variables. In
the following we shall use the terminology introduced in [123] and refer to
correlation functions in which the operator insertions soak up only the six-
teen exact modes as “minimal”. Correlators in which the operators contain a
dependence on more than sixteen modes will be referred to as “non-minimal”.
In order to systematically study the instanton contributions to generic cor-
relation functions it is convenient to construct a generating function. This
allows to drastically simplify the combinatorics associated with the νA and
ν¯A integrations in the non-minimal cases [123]. For this purpose we introduce
sources, ϑ¯uA and ϑAu, in (363) coupled to those fermionic variables and define
Z[ϑ, ϑ¯]=
π−4Ncg4Nce2πiτ
(Nc − 1)!(Nc − 2)!
∫
dρ d4x0 d
6χ
4∏
A=1
d2ηA d2ξ¯A dNc−2ν¯A dNc−2νA ×
×ρ4Nc−7 exp
[
−2ρ2χiχi +
√
8πi
g
ν¯AuχABν
B
u + ϑ¯
u
Aν
A
u + ϑAuν¯
Au
]
. (364)
40 Here and in the following formulae we omit a (Nc-independent) numerical con-
stant that will be reinstated in the final expressions.
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Since the integrals over ν¯ and ν are Gaussian, they can be immediately com-
puted. Introducing polar coordinates
χi → (r,Ω) ,
6∑
i=1
(χi)2 = r2 , (365)
we find
Z[ϑ, ϑ¯]=
2−29π−13 g8e2πiτ
(Nc − 1)!(Nc − 2)!
∫
dρ d4x0 d
5Ω
4∏
A=1
d2ηA d2ξ¯A ρ4Nc−7 ×
×
∫ ∞
0
dr r4Nc−3e−2ρ
2r2Z(ϑ, ϑ¯;Ω, r) , (366)
where all the numerical coefficients omitted in previous expressions have been
reinstated and we have introduced the density
Z(ϑ, ϑ¯;Ω, r) = exp
[
− ig
πr
ϑ¯uAΩ
ABϑBu
]
, (367)
where the symplectic form ΩAB is given by (see (365))
ΩAB = Σ¯ABi Ω
i ,
6∑
i=1
(
Ωi
)2
= 1 . (368)
Notice that the angular variables, Ωi, introduced in the polar representation
of the auxiliary coordinates, χi, parametrise a five-sphere. This will play a
very important roˆle in comparing with string theory results in the context of
the AdS/CFT correspondence.
A n-point correlation function in the semi-classical approximation takes
now the form (see (352))
〈O1(x1) · · ·On(xn)〉 =
∫
dµphys e
−Sinst Oˆ1 · · · Oˆn , (369)
where
Oˆi = Oˆi(xi;x0, ρ, ηA, ξ¯A, νA, ν¯A) (370)
denotes the classical instantonic profile of the operator Oi and generically
depends on all the bosonic and fermionic moduli. In particular the νA and
ν¯A modes appear in gauge invariant operators only in colour singlet bilin-
ears, in either symmetric or anti-symmetric combinations belonging to the
representation 10 or 6 of SU(4), respectively, i.e. in the combinations
(ν¯AνB)10 ≡ ν¯u(AνB)u = (ν¯AuνBu + ν¯BuνAu ) , (371)
(ν¯AνB)6 ≡ ν¯u[AνB]u = (ν¯AuνBu − ν¯BuνAu ) . (372)
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The strategy is then to rewrite the dependence on these collective coordinates
in each insertion in (369) in terms of derivatives with respect to the sources
(ϑA, ϑ¯A). In this way the dependence on the ν
A’s and ν¯A’s is traded for a de-
pendence on the angular variables ΩAB. After this step the integration over
the radial parameter, r, can be computed and one is left with an integration
over the bosonic coordinates, x0, ρ, Ω
AB , and the sixteen coordinates asso-
ciated with the exact modes, ηAα and ξ¯
A
α˙ . In the next subsections we present
some examples of such calculations.
15.2 Minimal correlation functions
A class of correlation functions which have been extensively studied in the
context of the AdS/CFT correspondence are those involving the operators in
the N = 4 supercurrent multiplet (345). This is a 1/2-BPS supermultiplet
and thus all its components are protected operators. Their two- and three-
point functions are not renormalised and in particular do not receive instanton
contributions. However, their four- and higher-point functions can be non-zero
in an instanton background and turn out to contain interesting dynamical
information. The first examples of correlators in this class were considered
in [124] in the case of SU(2) gauge group. The calculations have then been
generalised to SU(Nc) in [125] and to multi-instantons in the large Nc limit
in [121].
• The simplest minimal correlation function involves sixteen insertions of
the fermionic operator 41
ΛAα =
1
g2
Tr
{
σµν βα Fµνλ
A
β + [ϕ¯BC , ϕ
CA]λBα+
+
(
/Dαα˙λ¯
α˙
B + [λ
C
α , ϕ¯BC ]
)
ϕAB
}
, (373)
transforming in the 4 of the SU(4) R-symmetry group
G16(x1, x2, . . . , x16) = 〈ΛA1α1 (x1)ΛA2α2 (x2) · · ·ΛA16α16 (x16)〉 . (374)
For the calculation of (374) in the semi-classical approximation only the con-
tribution of the first term in (373) to the classical profile of ΛAα is relevant. In
fact by reinserting for a moment the powers of g that were absorbed in the
redefinition of the fields, it is immediately seen that all the other terms are of
higher order in g.
Substituting the solution for A
(0)
µ and λ
A(1)
α one obtains for the classical
profile of ΛAα
ΛˆAα (x) =
96
g2
ρ4 [f(x)]4 ζAα (x) , (375)
41 Here and in the following we use for the composite operators the normalisation
appropriate in the context of the AdS/CFT correspondence, which requires that
their tree-level correlation functions be proportional to N2c (see (422)-(423)).
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where the function f(x) is defined in (543) and ζAα (x) is the combination
ζAα (x) =
1√
ρ
[
ρ ηAα − (x− x0)µσµαα˙ξ¯α˙A
]
. (376)
We explicitly note that ΛˆAα is linear in the superconformal collective coor-
dinates and does not depend on the νA and ν¯A modes. This means that in
evaluating the correlator (374) the sources ϑ¯uA and ϑAu can be set to zero. We
thus get
G16(x1, . . . , x16) =
251 316 π−13 e2πiτ
g24 (Nc − 1)!(Nc − 2)!
∫
dρ d4x0 d
5Ω
4∏
A=1
d2ηA d2ξ¯A ×
×
∫ ∞
0
dr r4Nc−3e−2ρ
2r2ρ4Nc−7
16∏
i=1
ρ4 [f(xi)]
4
ζAiαi (xi) . (377)
The r integral is elementary and yields∫ ∞
0
dr r4Nc−3e−2ρ
2r2 = 2−2Nc ρ2−4NcΓ (2Nc − 1) , (378)
so that
G16(x1, . . . , x16)=
c1(Nc) 2
51 316 π−13 e2πiτ
g24
∫
dρ d4x0
ρ5
d5Ω
4∏
A=1
d2ηA d2ξ¯A ×
×
16∏
i=1
ρ4
[(xi − x0)2 + ρ2]4 ζ
Ai
αi (xi) , (379)
where
c1(Nc) =
2−2NcΓ (2Nc − 1)
(Nc − 1)!(Nc − 2)! ∼
Nc→∞
N1/2c . (380)
The integration over the fermion modes selects terms with eight ηA’s and
eight ξ¯A’s in (379) and results in a fully anti-symmetric tensor in the SU(4)
and spinor indices. As will be discussed in Sect. 18, the unintegrated expres-
sion (379) suffices for the comparison with the associated dual process in string
theory.
• As a second example of minimal correlation function we consider the
four-point function
G4(x1, . . . , x4) = 〈QA1B1C1D1(x1) · · ·QA4B4C4D4(x4)〉 , (381)
where the scalar operators QABCD belong to the 20′ of SU(4) and are given
by
QABCD = 1
g2
Tr
(
2ϕABϕCD + ϕACϕBD − ϕADϕBC) . (382)
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When evaluated on the solution of the saddle point equations (357), the
QABCD’s contain four fermion modes. Unlike the fermions ΛAα they also in-
volve the νA and ν¯A modes. However, in the minimal correlator (381) this
dependence can be neglected as all the fermion modes need to be of type
ηA and ξ¯A to saturate the corresponding Grassmann integrals. The relevant
terms giving the profile of QABCD are
QˆABCD = 96
g2
ρ4 [f(x)]
4 [
(ζαAζCα )(ζ
βBζDβ )− (ζαAζDα )(ζβBζCβ )
]
, (383)
with ζAα defined in (376).
Proceeding as for the sixteen-point function (374), one finds
G4(x1, . . . , x4) = c1(N) 2
−9 34 π−13 e2πiτ
∫
dρ d4x0
ρ5
d5Ω
4∏
A=1
d2ηA d2ξ¯A ×
×
4∏
i=1
ρ4
[(x− x0)2 + ρ2]4
[
(ζAiζCi)(ζBiζDi)− (ζAiζDi)(ζBiζCi)](xi) , (384)
with c1(N) given in (380).
In the case of the four-point function (381) the final integrals in (384) have
been explicitly computed in [126]. The result is a very complicated function
of the distances x2ij = (xi−xj)2, which, however, can be used to extract infor-
mation about instanton contributions to the anomalous dimensions of certain
operators via the OPE analysis. As discussed in [126], the result shows, in
particular, that the Konishi operator (347) does not acquire an instanton in-
duced anomalous dimension. The study of the OPE also shows that there are
SU(4) singlet operators with ∆0 = 4 which do receive an instanton contribu-
tion (as well as possibly a perturbative one) to their anomalous dimension. We
shall briefly return to the calculation of instanton corrections to the scaling
dimensions of composite operators at the end of the next subsection and to
the interpretation of (379) and (384) in Sect. 18.2.
15.3 Non-minimal correlation functions
The minimal correlators considered above are not dominated by the contri-
bution of the one-instanton sector. Apart from ordinary perturbative correc-
tions, they receive contributions from K > 1 instanton configurations as well
as from perturbative fluctuations in each instanton sector. The non-minimal
correlation functions, in which the operator insertions soak up more than the
minimal number of fermion zero-modes, have similar properties in this re-
spect. However, their calculation presents new complications that will now be
illustrated with explicit examples. In general one can distinguish two classes of
such non-minimal correlation functions, based on the features that differenti-
ate them from related minimal cases, i.e. those involving additional insertions
and those involving higher-dimensional operators.
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• An example of the first type is the twenty-point function
G20(x1, . . . , x20) = 〈ΛA1α1 (x1) · · ·ΛA16α16 (x16) EB1C1(y1) · · · EB4C4(y4)〉 , (385)
where ΛAα is defined in (373) and
EBC = 1
g2
Tr
(
−λαBλCα + t(BC)DEFGHL ϕDEϕFGϕHL
)
. (386)
For the calculation of (385) in the semi-classical approximation only the first
term in (386) is relevant. Its contribution to the classical profile of EBC is
EˆBC = −96
g2
ρ4 [f(x)]
4
ζαBζCα −
2
g2
ρ2 [f(x)]
3
(ν¯BuνCu + ν¯
CuνBu ) . (387)
As explained in the previous subsection, the operator ΛAα does not depend on
the fermion modes of type νA and ν¯A and thus in evaluating (385) we need
to use for each EBC insertion the second term in (387), as the ΛAα insertions
already soak up all the superconformal modes. In this way we get
G20(x1, . . . , x20)=
1
g40
∫
dµphys e
−Sinst
16∏
i=1
96ρ4 [f(xi)]
4 ζαiAi(xi)×
×
4∏
j=1
2ρ2 [f(yj)]
3 (ν¯(BjνCj)) . (388)
Using the generating function (366), this formula can be rewritten in the form
G20(x1, . . . , x20) =
255316π−13 e2πiτ
g32(Nc − 1)!(Nc − 2)!
∫
dρ d4x0 d
5Ω
4∏
A=1
d2ηA d2ξ¯A ×
×
∫ ∞
0
dr r4Nc−3e−2ρ
2r2 ρ4Nc−7
16∏
i=1
ρ4 [f(xi)]
4
ζαiAi(xi)
4∏
j=1
ρ2 [f(yj)]
3 ×
×
[
δ8Z(ϑ, ϑ¯, Ω, r)
δϑu1(B1δϑ¯
u1
C1)
· · · δϑu4(B4δϑ¯u4C4)
]∣∣∣∣∣
ϑ=ϑ¯=0
. (389)
After evaluating the derivatives and eliminating the sources the integral over
r can be performed and one gets
G20(x1, . . . , x20) =
257316π−17 c2(Nc) e2πiτ
g28
∫
dρ d4x0
ρ5
4∏
A=1
d2ηA d2ξ¯A ×
×
16∏
i=1
ρ4
[(xi − x0)2 + ρ2]4 ζ
αiAi(xi)
4∏
j=1
ρ3
[(yj − x0)2 + ρ2]3
×
∫
d5Ω
[
ΩB1C2ΩB2C1ΩB3C4ΩB4C3 + · · · ] , (390)
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where the ellipsis in the last line stands for permutations of the Bi, Ci indices
and
c2(Nc) =
2−2Nc(Nc − 2)2Γ (2Nc − 3)
(Nc − 1)!(Nc − 2)!
∼
Nc→∞
N1/2c
[
1− 25
8Nc
+O(1/N2c )
]
. (391)
The factor of (Nc−2)2 in the numerator of c2(Nc) comes from the contraction
of colour indices in the ϑAu’s and ϑ¯
u
A’s sources. The integration over the five
sphere in (390) gives the SU(4) tensor
tB1C1···B4C4 = εB1C2B2C1εB3C4B4C3 + permutations . (392)
The main difference to be noted with respect to the minimal cases is the non-
trivial dependence on the angular variables parametrising the five-sphere. In
general, as in the above expression, the five-sphere integral factorises and gives
rise to SU(4) selection rules. Specifically, a correlation function can receive
a non-zero instanton contribution only if the SU(4) flavour indices carried
by the non-exact modes, νA and ν¯A, appear in a combination containing the
SU(4) singlet representation. We shall re-examine the results (390)-(391) in
Sect. 18.2 in connection with the corresponding processes in the dual string
theory. In particular we will see that the calculation of non-minimal correlators
such as (385) leads to a puzzle: the N -dependence in the SYM result does not
agree with that of the amplitudes which are naturally identified as their dual.
The resolution of the puzzle will require taking into account further types of
contributions which do not arise in the minimal case (see Sect. 18.2).
From the previous example and the form of the generating function (366)
we can deduce some general features of non-minimal correlation functions. The
insertion of each (ν¯AνB) bilinear in a correlator corresponds to two derivatives
of (367) with respect to the sources. This, besides producing a factor of g,
also modifies the r dependence of the integrand, thus affecting the overall Nc-
dependence, see (378). Moreover additional factors of Nc are associated with
the contraction of the colour indices carried by the νAu ’s and ν¯
Au’s variables.
From (366) and (367) one checks that in general the insertion of any (ν¯AνB)10
pair yields a factor g and the insertion of each (ν¯AνB)6 pair a factor g
√
Nc.
Schematically for a generic non-minimal n-point correlation function con-
taining q (ν¯AνB)10 factors and p (ν¯
AνB)6 bilinears one finds
〈O1(x1) · · · On(xn)〉∼g8+p+q e2πiτα(Nc)
∫
dρ d4x0
ρ5
d5Ω
4∏
A=1
d2ηA d2ξ¯A ×
×ρp+q
n∏
i=1
O˜i(xi;x0, ρ, η, ξ¯, Ω) , (393)
where O˜i denote the profiles of the operators after the dependence on the
non-exact modes has been re-expressed in terms of the ΩAB ’s of (368). For
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future use we give the expression of the coefficient α(Nc) at large Nc
α(Nc)=
2−2NcΓ
(
2Nc − 1− p+q2
)
(Nc − 1)!(Nc − 2)! N
p+ q2
c
[
1 + O(
1
Nc
)
]
∼N 12+
p
2
c
[
1 + O(
1
Nc
)
]
. (394)
• All the operators in the supercurrent multiplet considered so far only in-
volve the (ν¯AνB)10 bilinears. Anti-symmetric bilinears occur in higher di-
mension operators such as those in multiplets having as lowest component
the scalars (346) with ℓ ≥ 3. An example of correlation function containing
such insertions is
G16(x1, . . . , x16) = 〈ΛA1α1 (x1) · · ·ΛA14α14 (x14)Λ˜B1B2B3β1 (y1)Λ˜C1C2C3β2 (y2)〉 , (395)
where the operator Λ˜B1B2B3α , which belongs to the same multiplet as Qℓ=3
and transforms in the 20 of SU(4), is
Λ˜B1B2B3α =
1
g3N
1/2
c
Tr
[
2λB1α
(
λβ B2λB3β + λ
β B3λB2β
)
+
+λB2α
(
λβ B1λB3β + λ
β B3λB1β
)
+ λB3α
(
λβ B1λB2β + λ
β B2λB1β
)
+
+Fmnσ
mnβ
α
(
{λB2β , ϕB1B3}+ {λB3β , ϕB1B2}
)
+ · · ·
]
, (396)
with the ellipsis referring to terms which are negligible in the semi-classical
approximation.
The profile of the operator (396) in the one-instanton background is
ˆ˜ΛB1B2B3α =
24
g3N
1/2
c
ρ4 [f(x)]
5
[
ζB2α (ν¯
[B1νB3]) + ζB3α (ν¯
u[B1νB2]u )
]
. (397)
The correlation function (395) is computed by replacing each inserted operator
with its classical profile and integrating over the moduli space. In particular
the normalisation of the operators Λ˜ABCα is such as to compensate the addi-
tional factors Nc associated with the (ν¯
AνB)6 bilinears and the final result
behaves again like N
1/2
c in the large-Nc limit. Proceeding as in the previous
cases, one finds
G16(x1, . . . , x16) =
c3(Nc) 2
48 316 e2πiτ
π17 g24
∫
dρ d4x0
ρ5
d5Ω
4∏
A=1
d2ηA d2ξ¯A ×
×
14∏
i=1
ρ4
[(xi − x0)2 + ρ2]4 ζ
Ai
αi (xi)× (398)
×
[
ρ5
[y1 − x0)2 + ρ2]5 ζ
B2
β1
(y1)Ω
B1B3
ρ5
[y2 − x0)2 + ρ2]5 ζ
C2
β2
(y2)Ω
C1C3 + · · ·
]
,
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where the · · · refers to symmetrisation in (B2, B3) and (C2, C3). The Nc de-
pendence is contained in the coefficient c3(Nc), where
c3(Nc) =
2−2Nc(Nc − 2)2Γ (2Nc − 2)
Nc(Nc − 1)!(Nc − 2)! ∼
Nc→∞
N1/2c . (399)
The integration over the five-sphere in this case gives a single ε-tensor∫
d5ΩΩABΩCD =
π3
6
εABCD . (400)
The example of (395) allows to illustrate another feature of non-minimal
correlators. Since not all the fields are employed to soak up the sixteen ex-
act superconformal modes, there are contributions to the expectation value
in which pairs of fields are contracted with an instantonic propagator. In the
case of (395) for instance it is possible to contract pairs of scalars in the
two Λ˜ABCa operators. Contributions of this type are of the same order in g
as those in which the extra insertions soak up νA and ν¯A modes, since with
the normalisations we are using (S ∝ 1/g2) the scalar propagator is propor-
tional to g2. They are, however, sub-leading with respect to terms containing
(ν¯AνB)6 pairs at large Nc. The evaluation of the contributions with contrac-
tions is rather involved because they require the use of the propagator in the
instanton background, which has a complicated expression [20,127]. We shall
not discuss further these effects, but we stress that they are essential for the
comparison with certain string theory amplitudes [123].
There are many other interesting examples of non-minimal correlation
functions in N = 4 SYM which could be discussed. For lack of space we
conclude this section with a brief list of some other notable cases, referring
the reader to the original literature for further details. A comprehensive study
of non-minimal correlators can be found in [123].
• A special class of correlation functions in N = 4 SYM are the so-
called extremal correlators. These are n-point functions of operators of
the type (346) in which the dimension, ℓ1, of one of the operators equals
the sum of the dimensions, ℓi, i = 2, . . . , n, of the others (ℓ1 =
∑n
i=2 ℓi).
The analysis of the associated dual amplitudes in supergravity led to the
prediction that such correlation functions should not be renormalised [128].
This was then confirmed by field theory calculations in [129,130]. In par-
ticular an argument for the absence of instanton corrections to extremal
correlators, based on the analysis of fermion zero-modes, was given in [129].
Similar results have been shown to hold for next-to-extremal correlation
functions for which ℓ1 =
∑n
i=2 ℓi−2 [131]. A more complicated class are the
near extremal correlators, characterised by the condition ℓ1 =
∑n
i=2 ℓi−m
with m ≤ n − 3. These satisfy certain partial non-renormalisation prop-
erties [132], which have been argued in [123] to survive the inclusion of
instanton corrections.
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• The Wilson loop is a particularly important operator in non-abelian gauge
theories since it plays the roˆle of order parameter characterising confine-
ment. In pure Yang–Mills theory the Wilson loop is the expectation value
W [C] = 1
Nc
〈Tr
Nc
P exp
[
i
∮
C
dxµAµ
]
〉 (401)
of the holonomy associated with the closed contour C. A generalisation
of this quantity in N = 4 SYM has been constructed in [133] together
with a proposal for the dual quantity in string theory to be associated
with it. A special class of Wilson loops in N = 4 SYM are circular BPS
loops, which are annihilated by sixteen linear combinations of Poincare´
and special supersymmetries. These Wilson loops are defined as
W [CR] = 1
Nc
〈Tr
Nc
P exp
[
i
∮
CR
ds
(
Aµx˙
µ + iϕin
i|x˙|)]〉 , (402)
where ni is a constant unit vector on the five-sphere and CR is a circle of
radius R. An elegant method for computing instanton corrections to (402)
in the case of SU(2) gauge group was devised in [134]. The BPS Wilson
loop is a non-minimal correlator since it is non-polynomial in the fields. In
the SU(Nc) case its calculation in the instanton background is a formidable
task and the SU(2) analysis of [134] has not been extended to this more
general case.
• In Sect. 15.2 we mentioned that certain results concerning instanton cor-
rections to the anomalous dimensions of gauge invariant composite oper-
ators can be obtained from the OPE analysis of four-point functions such
as (381). On the other hand, as discussed in Sect. 13, the anomalous dimen-
sions can be computed directly from two-point functions after resolving
the operator mixing. Depending on the bare dimension of the operators
one is considering two-point functions can be minimal or non-minimal.
A systematic study of instanton contributions to two-point functions of
scalar operator was initiated in [135]. As discussed in Sect. 13, general
considerations, and in particular arguments based on S-duality, suggest
that generically anomalous dimensions in N = 4 SYM should receive both
perturbative and non-perturbative contributions. A rather surprising re-
sult found in [135] is the absence of instanton corrections to the majority
of scalar operators of bare dimensions ∆0 ≤ 5.
• Finally an important class of non-minimal correlation functions are those
relevant for the so-called BMN limit, which is the subject of Sect. 18.3.
16 Generalisation to multi-instanton sectors
The generalisation of the analysis presented in the previous section to multi-
instanton sectors is technically very involved and requires the full machinery of
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the ADHM construction [19]. A detailed description of this formalism and its
generalisation to supersymmetric theories, as well as references to the original
literature can be found in [6]. Due to space limits we shall only report an
important result of [121], where multi-instanton contributions to N = 4 SYM
correlation functions were explicitly evaluated in the large Nc limit.
In the generic K-instanton sector and with gauge group SU(Nc) an in-
stanton configuration in pure Yang–Mills theory is characterised by 4KNc
collective coordinates parametrising a hyper-Ka¨hler manifold, MK . A de-
scription of the moduli space associated with general (anti-)self-dual gauge
configurations can be given using the ADHM construction [19]. This is based
on the introduction of an over-complete set of matrix-valued parameters on
MK , satisfying non-linear constraints which can be shown to be equivalent
to the self-duality condition for the Yang–Mills field strength. The constraints
can be implemented describing the moduli space, MK , and the associated
metric by means of what is referred to as a hyper-Ka¨hler quotient construc-
tion [136]. In the case of the SU(Nc) N = 4 SYM theory there are also 8KNc
fermionic collective coordinates in the generic K instanton sector. These can
be included in the ADHM formalism as matrix-valued generalisations of the
collective coordinates introduced in the one-instanton sector, subject to suit-
able constraints.
As usual, the calculation of instanton contributions to correlation functions
involves the integration over the instanton moduli space. This can be formally
achieved integrating over the redundant set of bosonic and fermionic ADHM
matrices and imposing the constraints via δ-functions. However, as already
observed, the calculations are not feasible for generic K, since an explicit
solution to the constraints is not known.
In the case of N = 4 SYM these calculations are also not particularly
enlightening since, in general, correlators receive non-vanishing contributions
from all instanton sectors. However, a dramatic simplification occurs in the
large Nc limit, making the calculation of K-instanton corrections to correla-
tion functions feasible for arbitrary K [121]. The reason for this simplification
is that in the large Nc limit the integration over the (super) moduli space
is dominated by a very special configuration and can be evaluated using a
saddle-point approximation. After the introduction of a matrix generalisation
of the auxiliary variables χi, the saddle-point that dominates the K-instanton
moduli space integration corresponds to a configuration in which the K in-
stantons have the same size and share the same location both in space-time
and in the five-sphere directions parametrised by the χi’s 42. As in the one-
instanton sector only the sixteen exact fermion zero-modes associated with the
broken superconformal symmetries remain exact. The physical moduli space
integration measure obtained using the saddle-point approximation is
42 In the analysis of the fluctuations around the saddle-point it is also important
that, as far as the global gauge orientation is concerned, the K instantons lie in
mutually orthogonal SU(2) subgroups of SU(Nc).
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dµ
(K)
phys e
−Sinst (403)
−→
Nc→∞
N
1/2
c g8 e2πiKτ
K3 217K2/2−K/2+25 π9K2/2+9
∫
d4x0 dρ
ρ5
d5Ω
4∏
A=1
d2ηA d2ξ¯ ZK ,
where ZK contains the integration over the fluctuations around the saddle-
point. These can be expressed in terms of [K] × [K] bosonic and fermionic
matrices, AM , M = 0, . . . , 9 and Ψr, r = 1, . . . , 16, by means of which the ZK
factor in (403) takes the form of the partition function of a SU(K) supersym-
metric matrix model 43, i.e.
ZK =
1
Vol SU(K)
∫
d10Ad16Ψ e−S(A,Ψ) , (404)
where
S(A,Ψ) = −1
2
TrK
(
[AM , AN ]
2 + Ψ¯ [ /A, Ψ ]
)
. (405)
The partition function ZK was computed in [80, 137] with the result
ZK = 2
17K2/2−K/2−8 π9K
2−9/2K−1/2
∑
m|K
1
m2
, (406)
where the sum is over the positive integer divisors of K.
Correlation functions of composite operators in the large Nc limit are
computed integrating their profiles in the K-instanton background with the
measure (403). In particular, if the operator profiles do not depend on the
collective coordinates parametrising the matrix model, the partition function
ZK factors out. This is the case for minimal correlation functions of gauge
invariant operators such as those considered in Sect. 15.2. As an example of
this type we consider the K-instanton contribution to (374). In the large Nc
limit the profile of the operator ΛAα in the K-instanton background does not
depend on the matrix model coordinates. It is proportional to its one-instanton
expression, namely
ΛˆAα
∣∣∣
K−inst
=
96K
g2
ρ4
[(x− x0)2 + ρ2]4 ζ
A
a ≡ K ΛˆAα
∣∣∣
1−inst
. (407)
Therefore one finds [121]
〈ΛA1α1 (x1) · · ·ΛA16α16 (x16)〉K−inst =
N
1/2
c K25/2 247 316 π−27/2 e2πiKτ
g24
∑
m|K
1
m2
×
×
∫
dρ d4x0
ρ5
d5Ω
4∏
A=1
d2ηA d2ξ¯A
16∏
i=1
ρ4
[(xi − x0)2 + ρ2]4 ζ
Ai
αi (xi) . (408)
43 This is the dimensional reduction to zero dimensions of ten-dimensional N = 1
SYM.
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The calculation of multi-instanton contributions to non-minimal correlation
functions, even in the large Nc limit, is much more complicated. In the non-
minimal case the operator insertions depend on the one-instanton moduli
and also on the matrix model variables and thus one cannot simply factor
out ZK . It is natural to expect that in these cases, instead of the partition
function, the integration over the AM and Ψr variables should be related to
certain correlation functions in the matrix model giving rise to generalisations
of (406).
17 AdS/CFT correspondence: a brief overview
As already mentioned, the recent renewed interest in N = 4 SYM stems from
the conjecture about the AdS/CFT correspondence [88–90]. In this section we
provide a brief overview of the main concepts at the basis of this conjecture
and in the following sections we review the roˆle of instantons in this context.
The idea of the AdS/CFT correspondence was presented in [88] and a
more concrete formulation was given in [89,90]. Reviews can be found in [91,
92]. In [88] Maldacena proposed a remarkable duality relation connecting two
completely different theories, N=4 SYM with SU(Nc) gauge group and type
IIB superstring theory in an AdS5 × S5 background.
The type IIB superstring theory has N = (2, 0) supersymmetry in ten di-
mensions, i.e. it is invariant under 32 supersymmetries. Its spectrum contains
a finite number of massless states and an infinite tower of massive states. The
massless spectrum is chiral. The bosonic degrees of freedom are divided into
the so-called Neveu–Schwarz-Neveu–Schwarz (NS–NS) and Ramond–Ramond
(R–R) sectors. The massless NS–NS sector contains a traceless rank-two sym-
metric tensor (the graviton, gMN , M,N = 0, . . . , 9), an anti-symmetric two-
form (BMN ) and a scalar (the dilaton, φ). The massless R–R sector contains
a scalar (C(0)), an anti-symmetric two-form (CMN ) and an anti-symmetric
four-form (CMNPQ), with self-dual field strength. The massless fermions are
the spin 1/2 dilatino (λ) and the spin 3/2 gravitino (ψM ). These are com-
plex Weyl spinors of opposite chiralities. The theory has two parameters, the
coupling constant, related to the v.e.v. of the dilaton, gs = e
〈φ〉, and the in-
verse string tension, α′. The latter sets the scale for the massive states in the
spectrum which have masses proportional to 1/
√
α′.
The background relevant for the correspondence with N = 4 SYM, AdS5×
S5, is the product of a five-dimensional anti de Sitter space and a five-sphere.
The non-compact factor, Lorentzian AdS5, can be described as a hyperboloid
embedded in six dimensions, i.e. in terms of six Cartesian coordinates, X i,
i = 0, . . . , 5, satisfying the constraint
X20 −X21 − · · · −X24 +X25 = L2 (409)
where L is the (constant) radius of curvature. This definition immediately
shows that the AdS5 space has isometry group SO(2, 4). So-called global co-
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ordinates for AdS5 are introduced setting
X0 = L coshρ cos t , X5 = L cosh ρ sin t ,
Xr = L sinh ρΩr , r = 1, 2, 3, 4 ,
∑
r
Ω2r = 1 . (410)
In terms of these coordinates the metric reads
ds2 = L2(− cosh2 ρ dt2 + dρ2 + sinh2 ρ dΩ2) . (411)
Another convenient set of coordinates for AdS5 are the so-called Poincare´
coordinates, (zµ, z0). The z0 coordinate parametrises the radial direction of
AdS5 and the four zµ coordinates parametrise the directions parallel to the
boundary located at z0 = 0. In terms of these coordinates the metric is
ds2 =
L2
z20
(
dz2µ + dz
2
0
)
. (412)
The AdS5 × S5 space is maximally supersymmetric if the two factors have
the same radius of curvature, L. The non-vanishing components of the Ricci
tensor are
Rmn = − 4
L2
gmn , Rab =
4
L2
gab , (413)
where the indices m,n span the AdS5 directions and the indices a, b the S
5
directions. Moreover the self-dual R–R five-form field strength has a non-
vanishing background value
Fmnpqr =
1
L
εmnpqr , Fabcde =
1
L
εabcde . (414)
The conjectured duality has a holographic nature in that it relates the
physics described by the string theory in the bulk of AdS5 × S5 to that of a
gauge theory, N = 4 SYM, living on the four-dimensional boundary of AdS5.
The first ingredient of the correspondence is a dictionary relating the pa-
rameters of the two theories. In N = 4 SYM the parameters are the coupling,
g, and the rank of the gauge group. In the string theory, besides the coupling
constant, gs, and the inverse string tension, α
′, the radius of curvature, L, of
the AdS5 and S
5 spaces enters as an additional dimensionful parameter. The
relations among the gauge and string theory parameters are
g2 = 4πgs , L
4 = 4πgsα
′2Nc . (415)
The second equation can be used to relate the dimensionless ratio L4/α′2 to
the ’t Hooft coupling, λ = g2Nc,
L4
α′2
= λ . (416)
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The ϑ-angle, that can be turned on in the gauge theory, is related to the
expectation value of the R–R scalar
ϑ
2π
= 〈C(0)〉 . (417)
Given this dictionary for the parameters of the two theories, the correspon-
dence is formulated in terms of two additional basic ingredients:
• A map between the fundamental degrees of freedom of the two theories.
• A prescription for the computation the observables of one theory in terms
of those of the other.
The map between degrees of freedom is dictated by the symmetries. The (su-
per)isometries of the string background, under which the states in the string
spectrum are classified, coincide with the (super)group of global symmetries
of the gauge theory, which, as already discussed, is PSU(2, 2|4). The dual-
ity associates states in the string spectrum with gauge-invariant composite
operators in N = 4 SYM, which have the same quantum numbers under
the SO(2, 4)× SO(6) maximal bosonic subgroup of PSU(2, 2|4). Specifically,
1) the Lorentz quantum numbers are identified, 2) the masses of the string
states are related to the scaling dimensions of the dual operators and 3) the
SO(6) quantum numbers arising in the Kaluza–Klein (KK) reduction on S5
of the string theory are related to the Dynkin labels characterising the trans-
formation of the dual gauge theory operators under the SU(4) R-symmetry.
Supersymmetry then implies that entire multiplets are related. The simplest
case of this relation is represented by the correspondence between the super-
gravity multiplet, which contains the graviton and its superpartners, and the
N = 4 supercurrent multiplet discussed in Sect. 13.
The prescription relating observables on the two sides of the correspon-
dence is based on the identification of properly defined partition functions.
The string partition function in AdS5 × S5 is a functional of the boundary
values of the fields. The latter play the roˆle of sources for the dual operators in
the boundary gauge theory [89, 90] and one is led to propose the holographic
formula
ZIIB[Φ|∂AdS = J ] =
∫
[dA][dλ][dλ¯][dϕ] exp
(
−SN=4 +
∫
OΦJ
)
. (418)
Here Φ denotes a generic field in the string theory andOΦ is the dual composite
operator in N = 4 SYM according to the map previously described.
The quantisation of string theory in an AdS5×S5 background is not under-
stood well enough to make really operative use of (418). However, interesting
results can be obtained in certain limits. In particular in the weak coupling
and small curvature limit on the gravity side, where
gs ≪ 1 , L
2
α′
≫ 1 , (419)
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classical supergravity becomes a good approximation. Based on the dictio-
nary (415) this limit corresponds to the limit of large Nc and large ’t Hooft
coupling, λ, in the gauge theory. Since in the Nc →∞ limit λ plays effectively
the roˆle of coupling constant, one obtains a duality between classical type IIB
supergravity in AdS5×S5 and the strong coupling limit of N = 4 SYM in the
planar approximation. This observation illustrates the strong/weak nature of
the duality, which on the one hand makes it difficult to test, but on the other
makes it a powerful tool for the study of strongly coupled gauge theories.
In the limit (419) the IIB partition function in (418) is well approximated
by
ZIIB[Φ|∂AdS = J ] ∼ e−SIIB[Φ|∂AdS=J] , (420)
where SIIB is the classical type IIB supergravity action in the AdS5 × S5
background.
In this limit the relation (418) has a simple and intriguing interpreta-
tion. Correlation functions in the gauge theory are obtained taking functional
derivatives with respect to the sources on the r.h.s. of (418). Using the ap-
proximation (420), one finds that differentiating with respect to the sources
is equivalent to solving the supergravity equations of motion with boundary
conditions Φ|∂AdS = J . Therefore the correspondence states that a n-point
correlation function, 〈O1(x1) · · · On(xn)〉, in N = 4 SYM is equal to an am-
plitude in which, for each Oi insertion, the dual supergravity state, Φi, is
propagated from the bulk to the boundary point xi. An intuitive graphical
representation of this prescription was proposed in [90] 44. Figure 1 repre-
sents the supergravity amplitudes contributing to the process dual to a SYM
four-point function, 〈O1(x1) · · · O4(x4)〉. The interior of the circle in Fig. 1
represents the bulk of AdS5 × S5 and the circle itself is the four-dimensional
boundary where the gauge theory lives.
Fig. 1. Contact and exchange contributions to a four-point amplitude in AdS5×S5
44 In the following we shall refer to processes of this type as scattering amplitudes
in AdS.
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A normalisable solution of the free supergravity equations of motions sat-
isfying the boundary condition Φ|∂AdS = J can be written as
Φ(i)(zµ, z0) =
∫
d4xKi(zµ, z0;x
(i)
µ )JΦ(x
(i)
µ ) , (421)
where the function Ki(zµ, z0;x
(i)
µ ) is a so-called bulk-to-boundary propagator,
i.e. the kernel that allows to express a supergravity field, Φ, at the bulk point
(zµ, z0) in terms of its boundary value, JΦ, at (zµ = x
(i)
µ , z0 = 0). Substituting
the solution (421) in the generating functional (420) one obtains the following
expressions for the two contributions in Fig. 1
Acont(x1, . . . , x4)=N2c
∫
d4z dz0
z50
d5ω
4∏
i=1
Ki(zµ, z0;x
(i)
µ ) (422)
Aexc(x1, . . . , x4)=N2c
∫
d4z dz0
z50
d5ω
∑
m
2∏
i=1
4∏
j=3
Ki(zµ, z0;x
(i)
µ )×
×Gm(z, w)Kj(zµ, z0;x(j)µ ) , (423)
where Gm(z, w) in the second amplitude, corresponding to the exchange di-
agram, represents a bulk-to-bulk propagator in AdS5 and the index m runs
over the set of all allowed intermediate states. In (422)-(423) we have used
Poincare´ coordinates, (zµ, z0), to parametrise AdS5 and angles, ωi, for the
five-sphere. In terms of these parameters the AdS5 × S5 metric becomes
ds2 =
L2
z20
(
dz2µ + dz
2
0 + z
2
0 dω
2
5
)
. (424)
In (422)-(423) the overall factor of N2c is obtained rewriting the coefficient in
front of the IIB supergravity action in the string frame, namely L8/α′4g2s , in
terms of Yang–Mills parameters using (415).
In the next sections we shall discuss the inclusion of instanton effects in
this picture. In Sect. 18.3 we shall consider another notable limit, i.e. the
BMN limit, in which the string theory↔ field theory correspondence is under
control beyond the supergravity approximation.
18 Instanton effects in the AdS/CFT duality
In the AdS/CFT correspondence the effects of Yang–Mills instantons inN = 4
SYM are related to non-perturbative effects induced by D-instantons in the
dual IIB string theory [138]. In the low energy supergravity limit of string
theory D-instantons arise as non-trivial solutions of the Euclidean field equa-
tions. In ten-dimensional Euclidean space they correspond to configurations
in which the metric (in the Einstein frame) is flat and the dilaton and the
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R–R scalar have non-constant profiles while all the other fields vanish. As
the ordinary Yang–Mills instantons, the supergravity D-instantons are char-
acterised by their integer-valued charge. The supergravity action evaluated
on a charge-K D-instanton configuration is proportional to K, as in the
Yang–Mills case, and inversely proportional to the string coupling, gs. The
D-instanton solution of the type IIB field equations in AdS5 × S5 has similar
properties and can be obtained from the flat space solution [124]. In string
theory D-instantons are identified with D(−1)-branes, i.e. point-like objects in
Euclidean ten-dimensional space. Their world-volume is zero-dimensional and
therefore open strings ending on D(−1)-branes carry no propagating degrees of
freedom. They describe instead zero-modes associated with the D-instantons
as discussed in Sect. 11. D-branes, and D-instantons in particular, can also be
described in terms of closed string modes as collective excitations using the
so-called boundary state formalism. This will be utilised in a special case in
Sect. 18.3.
The discussion of the general principles of the AdS/CFT correspondence
in Sect. 17 and specifically the fundamental relation (418) indicate that, in or-
der to make contact with the calculation of instanton contributions to N = 4
correlation functions, one should study D-instanton induced contributions to
string scattering amplitudes in AdS5×S5. In principle this involves including
in the genus expansion of the closed string amplitudes the contribution of
world-sheets with boundaries associated with the presence of D(−1)-branes.
However, as already explained, in the AdS5 × S5 background such calcula-
tions are not under control and one is restricted to a low energy supergravity
analysis. In the supergravity approximation the inclusion of the effect of D-
instantons requires a refinement of (420) in which the classical supergravity
action is replaced by the low energy effective action which incorporates the
effect of the infinite tower of massive string excitations on the dynamics of
the massless modes.
18.1 The type IIB effective action
The type IIB string theory effective action is expressed as a powers series in
the inverse string tension, α′. It takes the form
SeffIIB =
1
α′4
(
S(0) + α′3S(3) + α′4S(4) + · · ·+ α′rS(r) + · · ·
)
, (425)
where S(0) denotes the classical action and the subsequent terms contain
higher derivative couplings, which receive D-instanton contributions. The in-
clusion of such vertices in supergravity amplitudes in AdS5 × S5 gives rise
to contributions which are in correspondence with the correlation functions
discussed in Sects. 15 and 16.
The form of (425) is in principle determined by supersymmetry. The terms
appearing in the leading correction, S(3), have been extensively studied. The
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couplings arising at this level include the well known R4 term and a large
number of other terms related to it by supersymmetry. Schematically, in the
string frame, the form of S(3) is
α′3 S(3)=
1
α′
∫
d10X
√−g e−φ/2
[
f
(0,0)
1 (τ, τ¯ )
(R4 + (GG¯)4 + · · · )+ · · ·+
+f
(8,−8)
1 (τ, τ¯ )
(
G8 + · · · )+ · · ·+ f (12,−12)1 (τ, τ¯ )λ16] . (426)
The precise form of many of these couplings has been determined, see for
instance [139] where the R4 coupling was studied. In the following we shall
further discuss certain vertices which are relevant for the comparison with
the Yang–Mills calculations of the previous sections. The coefficients in (426)
are functions of the complex scalar, τ = τ1 + iτ2 = C(0) + ie
−φ, where φ is
the dilaton and C(0) the R–R scalar. The effective action is invariant under
SL(2,Z) transformations acting on τ as
τ → aτ + b
cτ + d
, (427)
where the integers a, b, c, d satisfy ad − bc = 1. Under such transformations
any supergravity field, Φ, acquires a phase
Φ→
(
cτ + d
cτ¯ + d
)qΦ
Φ , (428)
where qΦ is the charge of Φ under the local U(1) symmetry of (425) which
also rotates the two chiral supersymmetries [140]. In particular the metric
and the IIB self-dual five-form are not charged, the complex combination
G(3) = (τdB(2) + dC(2))/
√
τ2 (where B(2) and C(2) are the NS– NS and R–R
two-forms) has charge 1, the fluctuation of the complex scalar, δτ ≡ τˆ , has
charge 2, the dilatino, λ, and the gravitino, ψM , have respectively charge 3/2
and 1/2. The coefficient functions in (426) transform as modular forms with
holomorphic and anti-holomorphic weights (w,−w), so that
f
(w,−w)
1 (τ, τ¯)→
(
cτ + d
cτ¯ + d
)w
f
(w,−w)
1 (τ, τ¯ ) . (429)
Invariance under SL(2,Z) requires that the weight w of the modular form in
each term in the effective action be equal to half the sum of the U(1) charges
of the fields in the vertex.
The modular forms f
(w,−w)
1 (τ, τ¯ ) are obtained acting on f
(0,0)
1 (τ, τ¯ ) with
modular covariant derivatives
f
(w,−w)
1 (τ, τ¯ ) = Dw−1Dw−2 · · ·D0f (0,0)1 (τ, τ¯ ) , (430)
where Dw = τ2
∂
∂τ − iw2 .
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The modular form in front of the R4 term, f (0,0)1 (τ, τ¯), is given by a non-
holomorphic Eisenstein series
f
(0,0)
1 (τ, τ¯ ) =
∑
(m,n) 6=(0,0)
τ
3/2
2
|m+ nτ |3 . (431)
It can be expanded in Fourier modes as
f
(0,0)
1 (τ, τ¯ ) =
∞∑
K=−∞
F1K(τ2) e2πiKτ1 = 2ζ(3)τ
3
2
2 +
2π2
3
τ
− 12
2 + (432)
+4π
∑
K 6=0
|K| 12µ(K, 1) e−2π(|K|τ2−iKτ1)
∞∑
j=0
(4πKτ2)
−j Γ (j − 1/2)
Γ (−j − 1/2)j! ,
where the r.h.s. is the result of a further weak coupling (large τ2) expansion.
The non-zero Fourier modes are interpreted as D-instanton contributions
with instanton number K (K > 0 terms are D-instanton contributions while
K < 0 terms are anti D-instanton contributions). The measure factor, µ(K, 1),
is
µ(K, 1) =
∑
m|K
1
m2
, (433)
where the sum is over the positive integer divisors of K. The coefficients
of the D-instanton terms in (432), include an infinite series of perturbative
fluctuations around any charge-K D-instanton. The leading term in this series
is the one of relevance for the comparison with the semi-classical Yang–Mills
instanton calculations. In the case of f
(0,0)
1 (τ, τ¯ ) this term is independent of τ2.
From (430) it follows that the leading D-instanton term in the modular form
f
(w,−w)
1 (τ, τ¯ ) behaves as τ
w
2 = g
−w
s . The zero D-instanton term, F10 , contains
only two power-behaved contributions that arise in string perturbation theory
as tree-level and one-loop contributions, with no higher-loop terms.
Much less is known about higher order terms beyond S(3) in the string
effective action, but various terms in S(5) are known and certain classes of
terms at higher orders have been studied. Among the interactions at order
α′5 we have the following
α′5S(5)=α′
∫
d10X
√−g eφ/2
[
f
(0,0)
2 (τ, τ¯ )D
4R4 + f (2,−2)2 (τ, τ¯ )G4R4+
+f
(12,−12)
2 (τ, τ¯ )R2λ16 + f (12,−12)2 (τ, τ¯ )R2λ16 + · · ·
]
. (434)
The modular forms, f
(w,−w)
2 (τ, τ¯), appearing here are generalisations of those
previously defined. More generally at higher orders in the α′ expansion one
expects modular forms of the type
f
(0,0)
l (τ, τ¯ ) =
∑
(m,n) 6=(0,0)
τ
l+ 12
2
|m+ nτ |2l+1 . (435)
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All these functions satisfy relations similar to (430). The weak coupling ex-
pansion of f
(0,0
2 (τ, τ¯ ) is
f
(0,0)
2 (τ, τ¯ ) = 2ζ(5)τ
5
2
2 +
4π4
135
τ
− 32
2 + (436)
+
8π2
3
∑
K 6=0
|K| 32µ(K, 2) e−2π(|K|τ2−iKτ1)
(
1 +
3
16πK
τ−12 + · · ·
)
,
where µ(K, 2) =
∑
m|K 1/m
4.
In the next subsection we shall discuss how the D-instanton induced terms
appearing in the IIB effective action are related to instanton contributions to
N = 4 correlation functions. In the analysis of processes dual to non-minimal
correlators it will also be important to include the effect of the fluctuations,
τˆ , of the complex scalar in the modular forms f
(w,−w)
l (τ, τ¯ ). For instance re-
writing the complex scalar as τ = τ0+ τˆ (where τ0 is the constant background
value of τ), the expansion of the D-instanton exponential factor in f
(0,0)
1 (τ, τ¯ )
gives rise to a series of the form
e2πiKτ = e2πiKτ0
∑
r
(2πiK)r
r!
τˆr . (437)
Equations (437) and (426) show that at order α′ in the string low energy
action there are effective vertices of the form τˆr R4, which can contribute to
scattering amplitudes in the AdS5 × S5 background.
18.2 D-instantons in AdS5 × S
5 and comparison with Yang–Mills
instantons
The discussion in the previous subsection provides the background necessary
to analyse the processes dual to the correlation functions computed in Sects. 15
and 16. These are dual to supergravity amplitudes involving the D-instanton
induced vertices in the IIB effective action. In order to make contact with N =
4 SYM one needs to specialise the general expressions of the vertices in (426)
to the case of the AdS5 × S5 background. For this purpose we shall expand
the ten-dimensional supergravity fields in harmonics on the five-sphere [141]
Φ(X) =
∑
ℓ
ΦIℓ(z)Y(ℓ)Iℓ (ω) , (438)
where the Y(ℓ)Iℓ (ω)’s are spherical harmonics, with ℓ denoting the level and
Iℓ a set of SO(6) indices. After expanding the supergravity fields in S
eff
IIB in
this way the amplitudes dual to SYM correlators are computed using the
prescription described in Sect. 17.
In studying AdS amplitudes we distinguish again between minimal and
non-minimal cases, characterising an amplitude as (non-)minimal if it is dual
to a (non-)minimal Yang–Mills correlator.
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Minimal AdS amplitudes
The simplest minimal amplitude is the one dual to the sixteen-point correla-
tion function (374). The operator ΛAα in (373) is dual to the type IIB dilatino,
λ, and thus according to the prescription explained in section 17 we need to
consider an amplitude with sixteen dilatini propagating to the boundary. The
vertex in the effective action which contributes to such process is
1
α′
∫
d10X
√−g e−φ/2f (12,−12)1 (τ, τ¯ ) t16 λ16 , (439)
where t16 is a sixteen-index antisymmetric tensor contracting the spinor in-
dices of the sixteen dilatini. The amplitude dual to (374) involves the leading
D-instanton term in (439) (see (430)-(432)), i.e.
1
α′
∫
d10X
√−g 214π13
∑
K>0
K25/2
∑
m|K
1
m2
e2πiKτe−25φ/2 t16 λ16 . (440)
The amplitude induced by this interaction is depicted on the l.h.s. of Fig. 2: it
is a contact amplitude in which the sixteen dilatini interact via the vertex (440)
and propagate to the boundary points x1, . . . , x16.
Fig. 2. D-instanton induced minimal amplitudes in AdS5 × S5.
After introducing an explicit parametrisation for AdS5×S5 and rewriting
the string theory parameters, gs and α
′, in terms of Yang–Mills parameters
using the dictionary (415), the amplitude in Fig. 2 becomes
N
1/2
c
g24
∑
K>0
K
25
2
∑
m|K
1
m2
e2πiKτ
∫
d4z dz0
z50
d5ω t16×
×
16∏
i=1
Y(0)F (ω)KF7/2(z, z0;xi) , (441)
where overall numerical constants have been dropped and no indices have been
indicated explicitly. In (441) we have used Poincare´ coordinates, (zµ, z0), for
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AdS5, with zµ parametrising the directions parallel to the boundary and z0 the
radial direction. In terms of these coordinates and five angular variables for
the S5 factor, the AdS5 × S5 metric has the form (424). The ten-dimensional
dilatino has been expanded in spherical harmonics. In the expansion we have
retained the ground state component, dual to the SYM operator ΛAα . Y(0)F (ω)
denotes the corresponding harmonic function. In (441)KF7/2 denotes the bulk-
to-boundary propagator for the dilatino, i.e. a spin 1/2 fermion with AdS mass
− 32L
KF7/2(z, z0;x) = K4(z, z0;x)
[√
z0 γ5 − 1√
z0
(x− z)µγµ
]
, (442)
where
K∆(z, z0;x) =
z∆0
[(z − x)2 + z20 ]∆
. (443)
Remarkably, the result (441), in its unintegrated form, is in exact agreement
with the multi-instanton contribution to the correlation function (374) (cf.
equation (379) and its multi-instanton generalisation (408)) after the integra-
tion over the sixteen exact fermion zero-modes in the latter. To compare the
two results one identifies the AdS5 coordinates, zµ, z0, with the position and
size of the instanton and the S5 angles with the auxiliary angular variables,
ΩAB, introduced in the gauge theory calculation. The integration over the
position of the interaction point in the supergravity amplitude reproduces the
integration over the N = 4 moduli space, which, in the largeNc limit and with
the inclusion of the auxiliary variables, is precisely one copy of AdS5 × S5.
The bulk-to-boundary propagators reconstruct the dependence on the mod-
uli contained in the profiles of the Yang–Mills operators. Finally, although
we have not kept track of all the numerical factors, the dependence on the
parameters, g and Nc, as well as on the instanton number, K, are in perfect
agreement. The factors of τ2 in the weak coupling expansion of the modular
form f
(12,−12)
1 (τ, τ¯ ) give rise to the same g dependence as in the Yang–Mills
result. Similarly the matrix model partition function is reproduced by the
measure factor, µ(K, 1), in the modular form, see (433). The power of Nc
in (441) follows from the application of the AdS/CFT dictionary (415), which
gives
e−φ/2L2
α′
= 2π1/2
√
Nc . (444)
The calculation of the amplitude dual to the four-point function (381) is com-
pletely analogous. The N = 4 scalar operator QABCD in the 20′ of SU(4)
is dual to a linear combination of the trace part of the metric in the S5 di-
rections and the S5 components of the R–R four-form potential. The scalar
in the supergravity multiplet, corresponding to QABCD, arises at level ℓ = 2
in the expansion in spherical harmonics. An amplitude contributing to the
process dual to (381) involves the R4 interaction in the bulk. This is depicted
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on the r.h.s in Fig. 2. Proceeding as in the case of the sixteen-point amplitude
one finds that this four-point amplitude is
N1/2c
∑
K>0
K1/2
∑
m|K
1
m2
e2πiKτ
∫
d4z dz0
z50
d5ω×
×
4∏
i=1
Y(2)B (ω)K4(z, z0;xi) , (445)
where the bulk-to-boundary propagator, K4, is now the one appropriate for a
scalar of mass squared −4/L2 in AdS and the Y(2)B ’s are ℓ = 2 scalar spherical
harmonics. Again the result agrees perfectly with the Yang–Mills calculation.
The examples described here illustrate the striking agreement between
instanton contributions to Yang–Mills correlation functions and D-instanton
induced supergravity amplitudes. The agreement found represents one of the
most convincing tests of the validity of the AdS/CFT correspondence. The
majority of the explicit tests of the Maldacena conjecture compare protected
quantities which do not depend on the coupling constant and thus coincide
with their free theory expressions. In these cases the comparison is not af-
fected by the strong/weak coupling nature of the correspondence, but the cal-
culations simply test that the same non-renormalisation properties are valid
on both sides. The calculations reviewed above represent instead one of the
few instances in which a precise comparison is possible for quantities which
do receive non-trivial quantum corrections 45. Such a precise agreement is
remarkable and somewhat unexpected, since the calculations in this section
and those in Sect. 15 appear to have different regimes of validity. It is natural
to interpret the result of the comparison as due to an underlying partial non-
renormalisation property [142], whose origin, however, remains unexplained.
Non-minimal AdS amplitudes
The discussion in the previous subsection has a natural generalisation to the
case of amplitudes dual to the non-minimal correlation functions of Sect. 15.3.
In the non-minimal case the study of SYM correlators has not been gener-
alised to multi-instanton sectors. In this section we show how the supergrav-
ity analysis gives results which are in qualitative agreement with those of the
N = 4 calculations in the one-instanton sector. We consider supergravity am-
plitudes related to the two main types of non-minimal correlators discussed
in Sect. 15.3.
Correlators such as (395) correspond to amplitudes involving KK excited
states in the spectrum of type IIB supergravity in AdS5×S5. The N = 4 oper-
ators in 1/2 BPS multiplets with lowest component a scalar of the form (346)
45 The BPS Wilson loops mentioned in Sect. 15.3 provide another notable example
in perturbation theory.
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with ℓ > 2 are dual to KK excited states. In particular, the fermionic operator
Λ˜ABCα in (396) is dual to the first KK excitation of the dilatino. Therefore the
amplitude dual to the correlation function (395) is similar to the sixteen-point
amplitude considered in the previous subsection, but with two of the dilatini
in the first KK excited level.
The other class of non-minimal correlators presented in Sect. 15.3 com-
prises higher-point functions which have a natural interpretation as dual to
amplitudes induced by vertices in the string effective action at order α′5 and
higher. However, in these cases the comparison is less straightforward and as
will be shown shortly there are subtleties that need to be taken into account.
The amplitude dual to the sixteen-point correlator (395) involves the same
interaction as in (439)-(440) with the only difference that upon reduction on
the five-sphere one selects for two of the dilatini the first excited state instead
of the KK ground state. The diagrammatic representation of the amplitude is
given in Fig. 3, where the double lines indicate bulk-to-boundary propagators
for the KK excited states. The dilatini in the first KK level are spin 1/2
fermions of mass − 52L for which the bulk-to-boundary propagator is
KF9/2(z, z0;x) = K5(z, z0;x)
[√
z0 γ5 − 1√
z0
(x− z)µγµ
]
. (446)
Fig. 3. Contact and exchange contributions to a four-point amplitude in AdS5×S5
The resulting amplitude is
N
1/2
c
g24
∑
K>0
K
25
2
∑
m|K
1
m2
e2πiKτ
∫
d4z dz0
z50
d5ω t16 ×
×
14∏
i=1
Y(0)F (ω)KF7/2(z, z0;xi)
2∏
j=1
Y(1)F (ω)KF9/2(z, z0; yi) . (447)
where Y(1)F (ω) denotes the first excited fermionic spherical harmonic. The
result (447) is again in agreement with the corresponding Yang–Mills calcu-
lation (398).
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Non-minimal amplitudes of this type, involving KK excited states, are
generalisations of the analogous minimal ones. Apart from the appearance
of bulk-to-boundary propagators for fields of the appropriate mass, the only
difference is in the five-sphere integrals, because of the presence of higher
harmonics, which are necessary to reproduce the Ω-dependence of the corre-
sponding Yang–Mills expressions.
The study of the other class of non-minimal amplitudes is more compli-
cated and yields some surprises. In order to describe the main features of
these amplitudes we focus on the example of the process dual to the cor-
relation function (385) involving sixteen fermionic operators, ΛAα , in the 4
of SU(4) and four scalar operators, EAB, in the 10. As already observed, it
is natural to expect that in these cases the amplitudes should involve cou-
plings of order α′5 and beyond. The operator EAB in (386) is dual to a linear
combination of the NS–NS and R–R two-forms with indices in the internal
directions. The corresponding field strength, G(3), was defined in Sect. 18.1.
Therefore a contact amplitude involving the vertex
α′
∫
d10X
√−g eφ/2f (14,−14)2 (τ, τ¯ )G4 λ16 (448)
represents an obvious candidate for the dual of the correlator (385). This
process is represented in the second diagram of Fig. 4.
Fig. 4. Contributions to the twenty-point amplitude dual to the correlation func-
tion (385).
This interpretation, however, leads to a puzzle. Using the dictionary (415)
the twelve-derivative couplings at order α′5 give rise to contributions of order
N
−1/2
c , in fact
α′ eφ/2
L
∼ N−1/2c , (449)
which is not the behaviour expected from the Yang–Mills analysis. The leading
contribution to the correlation function (385) is in fact of orderN
1/2
c , as follows
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The resolution of this mismatch requires the inclusion in the supergravity
analysis of contributions of a type not encountered in the calculation of mini-
mal amplitudes. These are exchange diagrams involving a D-instanton induced
vertex as well as additional perturbative couplings. The relevant D-instanton
vertices are those of order 1/α′ in the expansion of the effective action, so that
the resulting amplitudes give rise to contributions of order N
1/2
c , see (444).
In order to generate contributions to non-minimal amplitudes one needs to
include in the D-instanton vertices the fluctuations of the complex scalar,
τ = τ0 + τˆ , as described at the end of Sect. 18.1.
In the case of the amplitude under consideration one needs to consider the
vertex coupling sixteen dilatini with two additional insertions of τˆ coming from
the expansion of the exponential factor in the modular form f
(12,−12)
1 (τ, τ¯ ).
The non-perturbative part of the effective vertex is
1
α′
∫
d10X
√−g e−25φ/2 e2πiτ τˆ2 t16 λ16 , (450)
where only the K = 1 contribution relevant for the comparison with the
one-instanton sector in N = 4 SYM has been included. The amplitude con-
tributing to the dual of the twenty-point correlator (385) is depicted on the
l.h.s. of Fig. 4. The two bulk-to-bulk lines joining the D-instanton vertex at
point z to the points v and w are 〈τˆ ˆ¯τ〉 propagators and the two cubic vertices
are ˆ¯τGG couplings from the classical type IIB action.
In evaluating this diagram, upon using dimensional reduction-like formu-
lae as (438), one has to sum over all the contributions associated with the
exchange of the KK excitations of the complex scalar. The coupling to the
external three-forms restricts this sum to the states allowed by the SO(6)
selection rules enforced by the integration over the five sphere. In the present
case there is only one allowed contribution, corresponding to the exchange of a
complex scalar in the second KK excited level, i.e. a state in the representation
20′ of SO(6) ∼ SU(4).
At first sight the resulting amplitude does not resemble theN = 4 SYM re-
sult: it is an exchange amplitude requiring integrations over three bulk points.
However, because of the specific coupling involved the integrations over the
positions of the two cubic couplings can be performed. This is because, after
using expressions such as (438), one can integrate by parts the derivatives in
each of the three-form field strengths onto the τˆ scalar, and the cubic couplings
schematically reduce to the form
(∂2 +mτ
20′
)τˆ BijB
ij , (451)
where B is the complex combination of the NS–NS and R–R two-forms and
the mass term comes from the derivatives in the S5 directions. After the
integration by parts one thus reconstructs the AdS5 wave operator acting
on the internal bulk-to-bulk propagators which then yield five-dimensional
δ-functions. The integrations at the points v and w in Fig. 4 can thus be com-
puted and the exchange diagram reduces to a contact contribution. Therefore
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the net effect of the exchange diagram is to give rise to a new coupling in the
AdS5 effective action of the form
1
g2sα
′
∫
d4z dz0
z50
e−25φ/2 e2πiτ t16 λ16 B4 , (452)
where the factor of g−2s arises from the rescaling of the complex scalar, τˆ ,
needed to make its kinetic term canonically normalised.
The amplitude induced by this vertex (expressed in terms of SYM param-
eters) takes schematically the form
√
Nc e
2πiτ
g28
∫
d4z dz0
z50
16∏
i=1
KF7/2(z, z0;xi)
4∏
j=1
K3(z, z0; yj) , (453)
which reproduces the leading large Nc term in the N = 4 result (390) with
the correct space-time dependence.
The amplitude involving the order α′5 vertex λ16G4 in (448) gives rise to a
contribution with the same space-time dependence, but of order N
−1/2
c . This
sub-leading contribution is interpreted as corresponding to the 1/Nc correction
in the SYM result (390).
The example of the above twenty-point function illustrates some features
common to many non-minimal amplitudes. In general, unlike in the mini-
mal cases, the amplitudes dual to non-minimal N = 4 correlation functions
receive several contributions. Various effects such as those described in the
previous example need to be taken into account to show agreement between
the Yang–Mills and supergravity calculations. More details and other non-
minimal examples are discussed in [123].
18.3 Beyond supergravity: the BMN limit
The AdS/CFT correspondence discussed in the previous sections is a very
remarkable duality and the study of instanton effects has led to some of the
most successful tests of its validity. In the formulation presented so far the
duality has, however, some limitations. Because of our present limited un-
derstanding of the quantisation of string theory in non-trivial backgrounds
such as AdS5 × S5 the study of the gravity side of the correspondence is re-
stricted to the supergravity approximation. Moreover, even in this regime, the
strong–weak coupling nature of the duality makes the direct comparison of
the two sides problematic. In this section we briefly review a very interesting
limit of the correspondence, the so-called BMN limit [143], which allows to
overcome both the above limitations 46. The idea is to consider string theory
46 Another limit that has attracted some attention is the highly “stringy” regime
λ → 0 where the theory exposes higher spin symmetry enhancement [144]. The
bulk counterpart of the recombination of semi-short multiplets into long ones and
the emergence of anomalous dimensions in the boundary theory is a pantagruelic
Higgs mechanism termed La Grande Bouffe [145].
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in a background obtained from AdS5 × S5 via a special procedure known as
Penrose limit [146]. The result of the limit is a background with the geometry
of a maximally supersymmetric gravitational plane-wave [147]. Remarkably,
despite the non-flatness of the metric and the presence of a R–R background,
it is possible to quantise string theory in this geometry [148, 149]. In [143]
it has been proposed that strings propagating in this particular plane-wave
background are dual to a certain sector of N = 4 SYM. The latter, usually
referred to as the BMN sector, comprises operators of large scaling dimen-
sion, ∆, and large charge, J , with respect to a U(1) subgroup of the SU(4)
R-symmetry group. The possibility of quantising string theory in the plane-
wave background has made the comparison between string and gauge theory
possible beyond the supergravity approximation, albeit only in a specific sec-
tor of N = 4 SYM. Moreover, in this limit there exists a regime in which
both sides of the correspondence are weakly coupled, so that the strong–weak
coupling problem is also avoided.
At the heart of the correspondence proposed in [143] is a relation between
the energy, E, of plane-wave string states and a combination of the scaling
dimension and R-charge of the dual operators, which reads
1
µ
E = ∆− J , (454)
where the parameter µ is related to the value of the R–R self-dual five-form
present in the background, see (459). The validity of (454) has been success-
fully tested in perturbation theory in a number of cases. Reviews of these
results can be found in [150]. In this subsection we present a brief overview of
the non-perturbative tests carried out in [151–153].
In order to take the Penrose limit that gives rise to the plane-wave back-
ground we start with the AdS5 × S5 metric written in global coordinates
ds2 = L2
[− cosh2 ρ dt2 + dρ2 + sinh2 ρ dΩ23+
+cos2 θ dψ2 + dθ2 + sin2 θ dΩ˜23
]
, (455)
where Ω3 and Ω˜3 refer to angles parametrising two three-spheres inside AdS5
and S5 respectively. In this coordinate system one can choose
x˜± = ± 1√
2
(t± ψ) (456)
as light-cone variables and define the new coordinates
x+ =
1
µ
x˜+ , x− = µL2x˜− , ρ =
r
L
, θ =
y
L
, (457)
where µ is an arbitrary scale. The Penrose limit is obtained sending L to
infinity while keeping x±, ρ and y “fixed”. The resulting metric is that of a
plane-wave
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ds2 = 2dx+dx− − µ2xIxI(dx+)2 + dxIdxI , (458)
where xI , I = 1, . . . , 8, are Cartesian coordinates such that xIxI = r2 + y2.
The original AdS5 × S5 background has also a non-zero self-dual R–R five-
form (414), which after the limit has non-vanishing components
F+1234 = F+5678 = 2µ , (459)
with indices 1, 2, . . . , 8 corresponding to the xI directions 47.
The plane-wave background preserves the same (maximal) amount of su-
persymmetry as the original AdS5 × S5. In fact at the level of the super-
isometries the Penrose limit corresponds to an Ino¨nu¨–Wigner contraction 48.
The supergroup of isometries resulting from the contraction of PSU(2, 2|4)
is PSU(2|2) × PSU(2|2) × U(1) × U(1) with maximal bosonic subgroup
H(4)2⋊SO(4)×SO(4)×U(1)×U(1), whereH(4) denotes the four-dimensional
Heisenberg group [147]. In the following we shall denote the two SO(4) fac-
tors with SO(4)C and SO(4)R, where the subscript refers to the fact that
they are subgroups respectively of the conformal group and the R-symmetry
group of the dual N = 4 SYM theory. The states in the string spectrum can
therefore be labeled by quantum numbers characterising their transformation
under SO(4)C × SO(4)R × U(1) × U(1). These are identified with two pairs
of spins, (s1, s2; s
′
1, s
′
2), and the light-cone energy and momentum, (p+, p−),
associated with translations in the x+ and x− directions.
A very remarkable feature of the plane-wave background is that it allows
the quantisation of string theory in the Green–Schwarz (GS) formalism 49 As
shown in [148], in the light-cone gauge the plane-wave GS string is described by
a (massive) free world-sheet theory. This allows to carry out the quantisation
essentially in same fashion as in flat space. The string action constructed
in [148] is
S=
1
2πα′
∫ +∞
−∞
dτ
∫ 2πp−
0
dσ
[
1
2
∂+X
I∂−XI − 1
2
m2XIXI+
+i
(
Sa∂+S
a + S˜a∂−S˜a − 2mSaΠabS˜b
)]
, (460)
where the mass parameter m = µp−α′ has been introduced. In (460) the XI ’s
denote the transverse coordinates of the string and the index I = 1, . . . , 8 is
in the 8v of SO(8). The S
a’s and S˜a’s, a = 1, . . . , 8, are GS fermions. These
are SO(8) spinors of the same chirality in the 8s. The matrix Π is a product
47 Notice that the metric (458) is SO(8) invariant, but the background value of the
five-form breaks this symmetry down to SO(4) × SO(4).
48 More precisely this contraction should be called a Saletan contraction [154].
49 By “quantisation” we here mean the determination of the spectrum of states with
p− 6= 0, with p− > 0 for incoming and p− < 0 for outgoing states. Interactions
and the spectrum of states with p− = 0 are much subtler and not fully known
even at tree level.
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of SO(8) γ-matrices, Π = γ1γ2γ3γ4. As usual in the light-cone gauge the
non-physical components have been eliminated setting X+(σ, τ) = 2πα′p−τ ,
whereasX−(σ, τ) is expressed in terms of theXI ’s using the so-called Virasoro
constraints which follow from consistency with the equation of motion for the
world-sheet metric.
Since (460) describes a free theory the equations of motions lead to a
standard mode expansion. For instance for the transverse bosons one finds
XI(σ, τ)=cos(mτ)xI0 +
1
m
sin(mτ) pI0 +
+ i
∑
n6=0
1
ωn
(
e−iωnτ+2iπnσαIn + e
−iωnτ−2iπnσα˜In
)
, (461)
where
ωn = sign(n)
√
m2 + n2 . (462)
The GS fermions have a similar mode expansion with coefficients which will
be denoted by Sa±n and S˜
a
±n.
Upon quantisation the coefficients in the expansion of the world-sheet fields
give rise to creation and annihilation operators for the states in the string spec-
trum. In order to construct the physical creation and annihilation operators
the SO(8) oscillators need to be decomposed under SO(4)C×SO(4)R. Massive
excitations of the string are associated with non-zero oscillators. The bosonic
ones, αIn and α˜
I
n, are in the 8v which decomposes as 8v → (4;1)⊕ (1;4), and
one obtains
αIn → αin , αµ+5n , α˜In → α˜in , α˜µ+5n , n ∈ Z , n 6= 0 , (463)
where i = 1, 2, 3, 4 and µ = 0, 1, 2, 3 are vector indices in SO(4)R and SO(4)C
respectively. The fermions are in the 8s which decomposes into (2L;2L) ⊕
(2R;2R). The fermionic oscillators are decomposed using the projectors P± =
1
2 (1±Π)
San → S±n = P±San , S˜±n = P±S˜an , (464)
which yield spinors with SO(4)C × SO(4)R chiralities (+,+) and (−,−).
The zero-modes in the expansion of the world-sheet fields are treated sim-
ilarly. The bosonic ones, xI0 and p
I
0, associated with the transverse position
and momentum of the string, are combined into
aI =
1√
2|m| (p
I
0 − i|m|xI0) and aI
†
=
1√
2|m|(p
I
0 + i|m|xI0) . (465)
These are then decomposed as in (463). The fermion zero-modes, S0 and S˜0,
are combined into
θ =
1√
2
(S0 + iS˜0) and θ¯ =
1√
2
(S0 − iS˜0) (466)
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and then further decomposed as
θL,R = P+,−θ , θ¯L,R = P+,−θ¯ . (467)
The Fock space of states is built on a vacuum, |0〉h = |0, p−〉h, defined as
the state annihilated by θR, θ¯L, a
I and all the non-zero oscillators of posi-
tive frequency. This is a non-degenerate bosonic state of zero mass usually
referred to as the BMN vacuum. The fermionic zero-modes θL and θ¯R are cre-
ation operators and generate the supergravity multiplet acting on |0〉h [149].
The bosonic zero-modes aI
†
create Kaluza–Klein-like excitations. The massive
string modes are created by combinations of non-zero oscillators with nega-
tive frequencies, αi−n, α˜i−n, α
µ+5
−n , α˜
µ+5
−n , S
±
−n and S˜
±
−n, acting on the BMN
vacuum. Physical states, |s〉phys, are subject to the level matching condition(
N − N˜
)
|s〉phys = 0 , (468)
where the left and right moving number operators are defined by
N =
∞∑
n=1
(
n
ωn
αI−nα
I
n + nS
a
−nS
a
n
)
N˜ =
∞∑
n=1
(
n
ωn
α˜I−nα˜
I
n + n S˜
a
−nS˜
a
n
)
.
(469)
The string theory Hamiltonian can be expressed in terms of the above oscil-
lators as
2p−H=m
(
aI
†
aI + θaLθ¯
a
L + θ¯
a
Rθ
a
R
)
+
+
∞∑
k=1
[
αI−kα
I
k + α˜
I
−kα˜
I
k + ωk
(
Sa−kS
a
k + S˜
a
−kS˜
a
k
)]
. (470)
From the form of the Hamiltonian (470) it is straightforward to compute the
free string spectrum. The mass of a generic massive string excitation is
1
µ
M =
1
m
∞∑
n=1
(
N + N˜
)
|ωn| , (471)
with ωn defined in (462) and m = µp−α′.
In the following our discussion will focus on massive string states, which
are more interesting in the context of the duality with N = 4 SYM since
their masses receive quantum corrections. For simplicity we shall restrict our
attention to states created by the αi−n and α˜i−n oscillators
|s〉 = αi1−n1 · · ·αir−nr · · · α˜j1−m1 · · · α˜js−ms · · · |0〉h , (472)
with
∑
r nr =
∑
sms to satisfy level-matching.
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As has been mentioned before, the states in the spectrum are charac-
terised by the their SO(4)C × SO(4)R quantum numbers, besides their mass
and light-cone momentum. As in the original formulation of the AdS/CFT
correspondence the quantum numbers associated with the symmetries on the
two sides also dictate the map relating string states to composite operators
in N = 4 SYM. Equation (457) leads to the following identifications
1
µ
H ≡ 1
µ
p+ = −i∂+ = −i(∂t + ∂ψ)→ D −J
p− = −i∂− = i
2µL2
(∂t − ∂ψ)→ 1
2µL2
(D + J ) ,
(473)
where, as usual, L4 = 4πgsNcα
′2. Equations (473) relate the string light-cone
energy and momentum to linear combinations of the dilation operator, D,
and the generator, J , of the U(1) subgroup of the SU(4) R-symmetry singled
out in taking the Penrose limit. From the above relations it follows that in
the L → ∞ limit string states with finite energy and light-cone momentum
correspond to SYM operators with values of D and J satisfying
∆→∞ , J →∞ , ∆− J finite . (474)
Operators with these properties form the BMN sector of N = 4 SYM. The
explicit form of the operators dual to states in the plane-wave string spectrum
was proposed in [143]. The starting point for the construction of such operators
is the definition of the dual to the BMN vacuum which is identified with the
operator
O = 1√
JNJc
Tr
(
ZJ
)
, (475)
where Z is the complex combination of the N = 4 scalar fields with J = 1 for
which we choose Z = 2ϕ14 (see (337)-(338)). The operator (475) has∆−J = 0
as expected for the dual of a zero energy state. Operators corresponding to
the other states in the string spectrum are obtained inserting in the trace
in (475) “impurities”, i.e. other elementary fields in the N = 4 fundamental
multiplet. The action of each creation operator on the string side corresponds
to the insertion of an impurity of a certain type 50. In particular the operators
dual to states of the form (472) are
Oi1...ikJ;n1...nk =
1√
Jk−1
(
g2Nc
8π2
)J+k ×
×
J∑
p1,...,pk−1=0
p1+···+pk−1≤J
e2πi[(n1+···+nk−1)p1+(n2+···+nk−1)p2+···+nk−1pk−1]/J ×
×Tr
(
ZJ−(p1+···+pk−1)ϕi1Zp1ϕi2 · · ·Zpk−1ϕik
)
, (476)
50 For this reason the string excitations are also often referred to as impurities.
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where the integers ni correspond to the mode numbers of the string state
51
and the action of the creation operators in (472) is in correspondence with
the insertion of impurities, ϕi, for which we have the definitions
ϕ1 =
1√
2
(−ϕ13 + ϕ24) , ϕ2 = 1√
2
(
ϕ12 + ϕ34
)
,
ϕ3 =
i√
2
(−ϕ13 − ϕ24) , ϕ4 = i√
2
(
ϕ12 − ϕ34) , (477)
The four real scalars, ϕi, transform in the (1;4) of SO(4)C ×SO(4)R and the
map between the operators (476) and the string states (472) is determined by
the SO(4)R quantum numbers.
To make the comparison between string theory in the plane-wave back-
ground and the BMN sector of N = 4 SYM possible at a quantitative level
one has to consider the large Nc limit. The combination of the large Nc limit
with the limit of large ∆ and J , implies that new effective parameters, λ′ and
g2, arise [143,155,156], which are related to the ordinary ’t Hooft parameters,
λ and 1/Nc, by a rescaling
λ′ =
g2Nc
J2
, g2 =
J2
Nc
. (478)
These in turn are related to the parameters of the plane-wave string theory
by
m2 = (µp−α′)2 =
1
λ′
, 4πgsm
2 = g2 . (479)
The double scaling limit defined by (474) and Nc → ∞ with J2/Nc fixed
connects the weak coupling regime of the gauge theory to string theory at
small gs and large m. The property that in this limit physical quantities can
be expanded in powers of the effective parameters, λ′ and g2, is referred to as
BMN scaling.
Instanton effects in the BMN limit
Tests of the BMN limit of the AdS/CFT correspondence consist in verifying
the validity of the relation
1
µ
H = D − J . (480)
This is an operator relation and it requires that the eigenvalues of the two
sides be equal, i.e. masses of states in the plane-wave string spectrum, rescaled
by a factor of µ, should equal the combination ∆− J for the dual operators.
In general the comparison requires the resolution of a mixing problem, i.e. the
diagonalisation of the operators in (480).
51 Conventionally left-moving modes correspond to ni > 0 and right-moving ones
to ni < 0.
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The quantum corrections to the string mass spectrum are extracted from
two-point amplitudes. At the perturbative level calculations of such am-
plitudes have been performed using string field theory methods. The non-
perturbative corrections that we are interested in are induced by two-point
amplitudes in which the external states are coupled to D-instantons. These
quantum corrections to the string masses should be compared to instanton
corrections to the eigenvalues of the operator D − J , i.e. to the anomalous
dimensions of BMN operators since the charge J is not renormalised.
The leading D-instanton contribution to a two-point amplitude is obtained
coupling the external states to two disconnected disks, with Dirichlet bound-
ary conditions, localised at the same space-time point. This is schematically
depicted in Fig. 5.
Fig. 5. Leading D-instanton contribution to a two-point scattering amplitude.
The D-instanton in the plane-wave string theory can be described as a
collective excitation of elementary closed string oscillators using the boundary
state formalism [157]. The construction of the D-instanton boundary state in
the plane-wave background follows closely the approach used in [158] for the
light-cone GS string theory in flat space. The boundary state describing a
D-instanton with transverse position zI will be denoted by ||zI〉〉. It is defined
by the following gluing conditions(
αIn − α˜I−n
) ||zI〉〉 = 0 ,(
San + iM
ab
n S˜
b
−n
)
||zI〉〉 = 0 , n ∈ Z ,
(481)
where the matrix Mn is
Mn =
1
n
(ωn1−mΠ) , (482)
with ωn given in (462). The explicit expression for ||zI〉〉 is [157]
||zI〉〉 = (4πm)2 exp
( ∞∑
k=1
1
ωk
αI−kα˜
I
−k − iSa−kMkS˜a−k
)
||zI〉〉0 , (483)
where ||zI〉〉0 denotes the zero-mode part
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||zI〉〉0 = e−|m|(zI)2/2 ei
√
2|m|zIaI† e
1
2a
I†aI
† |0〉D (484)
and |0〉D = θ1Lθ2Lθ3Lθ4L|0〉h.
The plane-wave background is maximally supersymmetric, i.e. it is invari-
ant under 32 supersymmetries. These are divided into sixteen kinematical
supersymmetries, which do not commute with the string Hamiltonian, and
sixteen dynamical ones, which commute with the Hamiltonian. The bound-
ary state (483)-(484) is annihilated by eight kinematical and eight dynamical
supersymmetries as a consequence of the conditions (481). The other half
of the supersymmetries acting on ||zI〉〉 generate the fermion zero-modes of
the D-instanton. These are represented by the open strings attached to the
boundary of the disks in Fig. 5. We shall denote the combinations of kinemat-
ical and dynamical supersymmetries which act non-trivially on the boundary
state by (q¯L, q¯R) and Q
− respectively. The bosonic collective coordinates of
the D-instanton correspond to its position in the ten-dimensional plane-wave
geometry.
In order to compute a two-point amplitude of the type represented in
Fig. 5 one needs to construct a state that includes the full dependence on the
collective coordinates of the D-instanton and couples to two external states.
We shall refer to such a state as a “dressed two-boundary state”. The latter
describes the two disks in Fig. 5 and is obtained considering the product of two
boundary states associated with distinct Fock spaces but located at the same
position, zI . The “dressing” corresponding to the inclusion of the dependence
on the bosonic and fermionic collective coordinates is achieved acting with
the bosonic and fermionic generators of the broken symmetries. Denoting the
two Fock spaces with indices 1 and 2, the dressed two-boundary state can be
written as
||V2; z, η, ǫ〉〉 = eiz+(p1++p2+)eiz−(p1−+p2−) × (485)
× [η (Q−1 +Q−2 )]8 [ǫL (q1L + q2L)]4 [ǫL (q1L + q2L)]4 ||zI〉〉1 ⊗ ||zI〉〉2 ,
where z = (zI , z+, z−) is the ten-dimensional location of the D-instanton and
the SO(8) spinors η and ǫ=(ǫL, ǫR) denote the fermionic collective coordinates
associated with the dynamical and kinematical supersymmetries broken by the
D-instanton.
The two-point amplitude that we are interested in is obtained coupling the
dressed two-boundary state to a pair of external physical states and integrat-
ing over the bosonic and fermionic collective coordinates of the D-instanton.
Denoting the incoming and outgoing states by |s1〉 and |s2〉, the one-particle
irreducible part of the amplitude is
A = c g7/2s e2πiτ
∫
d8z dz+ dz− d8η d8ǫ (〈s1| ⊗ 〈s2|)||V2; z, η, ǫ〉〉 , (486)
where c is a numerical constant which has not been explicitly computed
and the measure factor, g
7/2
s e2πiτ , follows from the comparison with the D-
instanton induced contributions to the low energy effective action.
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As an example of amplitude of the type (486) we consider the leading D-
instanton contribution to the case in which |s1〉 and |s2〉 are particular states
in the class (472). Specifically we consider SO(4)R singlet states with four
impurities
〈s1| ⊗ 〈s2|= 1
ωn1ωn2ωm1ωm2
εijkl εi′j′k′l′ ×
×h〈0|α(1)in1 α(1)jn2 α˜(1)kn1 α˜(1)ln2 ⊗ h〈0|α(2)i
′
m1 α
(2)j′
m2 α˜
(2)k′
m1 α˜
(2)l′
m2 , (487)
where the prefactors ensure that the states are normalised to one. A generic
four impurity state has three independent mode numbers, after imposing the
level matching condition. In (487) we have made a special choice: each of
the states contains two left- and two right-moving excitations with pairwise
equal mode numbers. This is because only states of this type couple to a D-
instanton at leading order in gs. This is a general property of D-instanton
induced amplitudes: because of the way in which the creation operators enter
in (483)-(484), the boundary state couples only to states with the same number
of left- and two right-moving oscillators with pairwise matched mode numbers.
To proceed with the calculation of the leading D-instanton contribution
we insert (487) into (486). The general strategy for the calculation of such
amplitudes consists in expanding the ||zI〉〉 factors in the dressed boundary
state in a power series retaining only the terms which do not annihilate the
product 〈s1| ⊗ 〈s2| on the left. The integration over the collective coordinates
z+ and z− imposes conservation of light-cone energy and momentum. Because
of the non-linear dispersion relation (462) energy conservation requires that
the mode numbers in the incoming and outgoing states be equal. Of the
remaining integrations those over the eight transverse zI ’s and over the eight
ǫ fermionic moduli are trivial in the case of external states of the type we are
considering 52. The non-trivial part of the calculation is the integration over
the eight fermion moduli η
〈s1| ⊗ 〈s2|
∫
d8η
[
η(Q−1 +Q
−
2 )
]8
exp
[∑
n
1
ωn
(α
(1)
−nα˜
(1)
−n+ (488)
+α
(2)
−nα˜
(2)
−n)− i(S(1)−nMnS˜(1)−n + S(2)−nMnS˜(2)−n)
]
|0〉1 ⊗ |0〉2 .
These integrations induce a coupling between the two disks, since the dy-
namical supercharges, Q−, which couple to the η’s depend non-trivially on
the non-zero string oscillators. The calculation is greatly simplified when one
considers the large m limit relevant for the comparison with N = 4 SYM at
weak coupling. Since in this limit Mn ∼ m, the dominant contribution to the
amplitude with external states (487) is obtained retaining in the expansion of
the boundary state two SMS˜ factors on each disk and distributing the eight
52 They give rise to δ-functions which in the present case simply integrate to one.
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Q−’s evenly on the two disks. After some lengthy but straightforward algebra
one obtains
A(n1, n2) = εijkl εi′j′k′l′ e2πiτ g7/2s m8
1
n21n
2
2
Iijkl,i
′j′k′l′
η (489)
where
Iijkl,i
′j′k′l′
η =
∫
d8η η+γijη+η+γklη+η−γi
′j′η−η−γk
′l′η− =
=(εijkl + δikδjl − δilδjk)(εi′j′k′l′ − δi′k′δj′l′ + δi′l′δj′k′) . (490)
In the case of the amplitude (489) the only contribution comes from the term
containing the product of two ε-tensors in (490) and one gets
A(n1, n2) = 576 e2πiτ g7/2s m8
1
n21n
2
2
. (491)
The same integral (490) arises in the calculation of two-point amplitudes be-
tween other SO(4)C × SO(4)R singlet four-impurity operators and in these
cases the terms involving Kronecker δ’s in Iijkl,i
′j′k′l′
η can contribute.
The result (489) is the leading non-perturbative correction to the one
particle irreducible part of the two-point amplitude and thus it yields the
D-instanton correction to the mass matrix for states of the form (487)
1
µ
δM ∼ e
2πiτ g
7/2
s m7
(n1n2)2
=
e
− 8π2
g2λ
′+iϑg
7/2
2
(n1n2)2
. (492)
The SYM operators dual to the states in (487) are a special case of (476),
i.e. four impurity SO(4)C × SO(4)R singlets. They are given by
On1,n2,n3 =
εijkl√
J3(g2Nc)J+4
J∑
p,q,r=0
p+q+r≤J
e2πi[(n1+n2+n3)p+(n2+n3)q+n3r]/J ×
× Tr
[
ZJ−(p+q+r)ϕiZpϕjZqϕkZrϕl
]
. (493)
In order to compute the one instanton contribution to the matrix of anomalous
dimensions for such operators one considers the two-point function
G(x1, x2) = 〈On1n2n3(x1) O¯m1m2m3(x2)〉 . (494)
The calculation proceeds as in the case of the correlators discussed in Sect. 15.
In the semi-classical approximation one needs to compute the classical profiles
of the operators On1n2n3 and O¯m1m2m3 and integrate them over the instanton
moduli space. The profiles of the operator (493) and of its conjugate contain
2J + 8 fermion zero-modes each and thus (494) is non-minimal according to
the terminology introduced in Sect. 15.
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Although the calculation of the two-point function (494) presents no new
conceptual difficulties, it involves rather complicated combinatorics associated
with the distribution of the exact and non-exact fermion zero-modes in the
two operators. Each of the two operators should soak up eight of the sixteen
superconformal modes in the combination (ζ1)2(ζ2)2(ζ3)2(ζ4)2, while the re-
maining modes are of type νA and ν¯A. Expanding the trace in (493) and in
the conjugate operator one obtains a large number of terms satisfying this
requirement. The double limit Nc → ∞, J → ∞, with J2/Nc fixed, simpli-
fies somewhat the analysis. The dominant contributions in this limit come
from certain specific distributions of the fermion modes. The large Nc limit
requires that all the ν¯AνB bilinears be in the 6, see (394). Moreover at large J
the leading contributions to the operator profiles come from terms in which as
many of the superconformal modes as possible are provided by the Z’s and Z¯’s
rather than by the impurities. This is because one gets roughly a multiplicity
factor of J associated with every Z or Z¯ providing one such mode. Taking
into account these simplifications the calculation of the profiles of On1n2n3 and
O¯m1m2m3 , albeit rather tedious, is feasible. Eventually the dependence on the
collective coordinates in all the relevant terms in the profile of the operator
On1n2n3 reduces to
ρ8
[(x1 − x0)2 + ρ2]J+8
(
ν¯[1ν4]
)J [(
ζ1
)2 (
ζ2
)2 (
ζ3
)2 (
ζ4
)2]
(x1) . (495)
Similarly all the terms in the classical profile of O¯m1m2m3 which contribute in
the BMN limit contain the following factor
ρ8
[(x2 − x0)2 + ρ2]J+8
(
ν¯[2ν3]
)J [(
ζ1
)2 (
ζ2
)2 (
ζ3
)2 (
ζ4
)2]
(x2) . (496)
After factoring out the dependence on the collective coordinates the depen-
dence on the mode numbers, ni and mi, is determined by sums of the form
K(n1, n2, n3; J) =
J∑
p,q,r=0
p+q+r≤J
e2πi[(n1+n2+n3)p+(n2+n3)q+n3r]/J × (497)
×
[c1
4!
p(p− 1)(p− 2)(p− 3) + c2
3!
qp(p− 1)(p− 2) + · · ·
]
,
where each term contains combinatorial factors and c1, c2, . . . are numerical
coefficients.
The two-point function (494) is thus
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〈O(x1) O¯(x2)〉inst =
= c(g,Nc, J)
∫
d4x0 dρ
ρ5
ρ2J+16
[(x1 − x0)2 + ρ2]J+8[(x2 − x0)2 + ρ2]J+8 ×
×
∫
d8η d8ξ¯
4∏
A=1
[
ζA(x1)
]2 [
ζA(x2)
]2 ×
×
∫
d5Ω
(
Ω14
)J (
Ω23
)J
[K(n1, n2, n3; J)K(m1,m2,m3, J)] . (498)
where c(g,Nc, J) contains the dependence on the parameters arising from the
normalisation of the operators and the moduli space integration measure, as
well as the factors of g
√
Nc obtained rewriting the (ν¯
AνB)6 bilinears in terms
of the angular variables ΩAB. In the large J limit the sums in (497) can be
approximated with integrals. For instance the first term becomes
J∑
p,q,r=0
e2πi[(n1+n2+n3)p+(n2+n3)q+n3r]/Jp(p− 1)(p− 2)(p− 3) (499)
→ J7
∫ 1
0
dx
∫ 1−x
0
dy
∫ 1−x−y
0
dz e2πi[(n1+n2+n3)x+(n2+n3)y+n3z] x4
From (498) and (499), recalling the analysis in Sect. 15, one can deduce the
dependence of the two-point function on the parameters. There are numerous
sources of powers of g, Nc and J in the calculation, but remarkably the final
result can be expressed only in terms of the parameters g2 and λ
′, as required
by BMN scaling. In detail one gets(
1√
J3(g2Nc)J+4
)2
︸ ︷︷ ︸
norm. operators
× e2πiτg8
√
Nc︸ ︷︷ ︸
measure
×
(
g
√
Nc
)2J
J2︸ ︷︷ ︸
ν,ν¯
integrals
× 1
J2︸︷︷︸
x0,ρ
integrals
× (J7)2︸ ︷︷ ︸
sums
∼
∼ J
7
N
7/2
c
e2πiτ = g
7/2
2 e
− 8π2
g2λ
′+iϑ . (500)
which is in agreement with the λ′ and g2 dependence of the string theory
result (489).
The simple mode number dependence of the string two-point amplitude
is more complicated to reproduce. In the SYM two-point function the depen-
dence on the integers ni and mi is contained in the functions K(n1, n2, n3; J)
and K(m1,m2,m3, J) defined in (497). Each term in these sums receives a
large number of contributions resulting in very complicated expressions. How-
ever, combining all the contributions leads to impressive cancellations and a
very simple result. In conclusion the one-instanton contribution to the two-
point function (494) can be written in the form
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G(x1, x2) =
32 (g2)
7/2 e
− 8π2
g2λ
′+iϑ
241 π13/2
1
(n1n2m1m2)
1
(x212)
J+4
log
[
Λ2x212
]
, (501)
where Λ is a scale that appears as a consequence of the logarithmic divergence
in the x0 and ρ integrals, which signals a contribution to the matrix of anoma-
lous dimensions. Notably the result is only non-zero if the mode numbers in
the two operators are equal in pairs, again in agreement with string theory.
From the coefficient of (501) one can read off the contribution to the matrix
of anomalous dimensions. The above calculation is not sufficient to determine
the actual anomalous dimension of the operator (493) since this requires the
diagonalisation of the matrix of two-point functions of all the operators with
the same quantum numbers. However, all such two-point functions are ex-
pected to have the same dependence on λ′ and g2 found in (501). Therefore
one can conclude that the behaviour of the leading instanton contribution to
the anomalous dimension of four impurity SO(4)C×SO(4)R singlet operators
is
γinst ∼ g
7/2
2 e
− 8π2
g2λ
′+iϑ
(n1n2)2
, (502)
in agreement with (492). In view of the complexity of the calculation this
result provides a striking test of the BMN proposal.
A number of other two-point string amplitudes and their dual correla-
tion functions have been studied in [151–153]. The many interesting results
obtained in these papers can be summarised in the following statements.
• Four impurity operators in other representations of SO(4)R and the
corresponding string states have two-point functions which behave as
(λ′)2(g2)7/2 exp(−8π2/g2λ′ + iϑ), i.e. they are suppressed by two powers
of λ′ with respect to those in the singlet sector.
• Two impurity operators have the same suppression. The calculation of
instanton contributions to two-point functions of two impurity operators
inN = 4 SYM is rather subtle because in order to saturate the integrations
over the superconformal modes one needs to use the classical solution for
the scalar fields involving six fermion modes, ϕ(6)AB.
• Supergravity states and their KK excitations do not couple to the D-
instanton boundary state and thus, as expected, their masses do not receive
non-perturbative corrections. This result is far from obvious in the gauge
theory and requires non-trivial cancellations which have not been explicitly
verified.
• (D-)Instantons contribute to the mixing of states in the NS–NS and R–R
sectors of the plane string theory 53.
• Instanton contributions to two-point functions of certain operators dual
to R–R string states, i.e. operators with an even number of fermionic
53 Unlike in flat space, in the plane-wave background this mixing occurs also in
perturbation theory beyond tree-level [153].
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impurities, involve inverse powers of λ′. Although this behaviour is rather
surprising, it is not pathological in the λ′ → 0 limit because the inverse
powers of λ′ are accompanied by the instanton weight exp(−8π2/λ′g2).
These two-point functions vanish in perturbation theory.
It is notable that many of these results can be straightforwardly obtained in
string theory where they are easily deduced from properties of the D-instanton
boundary state, whereas they are much more complicated to obtain from a
field theoretical calculation in N = 4 SYM.
19 Conclusions
We would like to conclude this long review by highlighting the many top-
ics where Gabriele’s contributions along the years have been at the heart
of the theoretical developments that have made our understanding of non-
perturbative effects of field theory so deep and powerful.
Conceptually, perhaps the most important contributions in this direction
have been his works on the foundation of the notion of effective action in
a supersymmetric framework. The effective action for the N = 1 SYM the-
ory [29] and its extension to SQCD [30] are milestones along the way of dealing
with the non-perturbative structure of field theory. These works appear as an
immediate extension and generalisation of the approach established for the
description of the low energy degrees of freedom of QCD [27, 28], as soon as
the fundamental roˆle of anomalies was recognized [57,159,160]. The validation
of the famous Witten-Veneziano formula [161] for the η′ mass, yielded by lat-
tice simulations [162], and the explicit instanton calculations, carried out in
various instances in supersymmetric theories [4], have beautifully confirmed
the predictive power of the effective action approach both in a supersymmetric
and in a non-supersymmetric context.
Together with many other important, independently derived, results [21],
these ideas have proved to be of enormous impact on the way we think today
of possible extensions of the Standard Model.
We cannot end this review without mentioning what we consider the most
important step of modern physics beyond field theory, namely the construction
of the dual Veneziano amplitude [109], which is expressed by the remarkably
simple formula
A(s, t) =
∫ 1
0
dxx−α
′s−1(1− x)−α′t−1 . (503)
It is unanimously recognized that (503) represents the founding paper of String
Theory. It took some time to realise that the infinite tower of “resonances”
exchanged in the s and t channel are the excitations of an open bosonic string
living in 26 dimensions. Planar duality, A(s, t) = A(t, s), and the UV softness
of the amplitude are exposed quite neatly by its geometric interpretation in
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terms of vertex operators inserted on the boundary of a disk. The presence of
a massless vector excitation has brought String Theory to be the most cred-
ited candidate for the unification of all interactions, including gravity. In this
respect, the graviton comes in as the massless excitation of the closed string
spectrum and its vertex operator is a sort of “square” of the vertex operator for
the massless vector of the Veneziano amplitude. That open strings might be
considered more fundamental than closed strings is something which seems
to emerge in all modern approaches, where D-branes and their open string
excitations are used to describe interactions mediated by gauge bosons. We
want also to recall that in a somewhat more distant context string excitations
have been shown to be able to account for the microscopic degrees of freedom
of Black Holes, thus yielding what is considered today the only satisfactory
solution to the holographic puzzle of Black Hole thermodynamics [163].
In the present review we have briefly sketched the enormous simplification
that open strings bring into the ADHM construction of instantons. However,
for lack of space we had no chance to stress the far-reaching consequences of
ideas underlying the Veneziano amplitude in the quest for unification and in
the process of clarification of the many puzzles of quantum gravity. We dare to
conclude by saying that we expect the Veneziano amplitude to be among the
basic blocks of any consistent formulation of the fundamental laws of Nature.
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A – Notations
• Generalities
We work in Euclidean metric with gEµν = δµν . Factors of the gauge cou-
pling constant, g, will be explicit everywhere. We are interested in computing
expectation values of gauge invariant (possibly multi-local) renormalisable,
composite operators, i.e. functional integrals of the type
〈O〉= 1
Z
∫
Dµ(ψ, ψ¯)DAµ exp
[− SYM +∫ d4x ψ¯(6D +m)ψ]O[ψ, ψ¯, Aµ] , (504)
where 6D can be either a Dirac or a Weyl–Dirac operator (see below) and Z
is a similar functional integral with O replaced by the identity operator.
• Yang–Mills action
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The pure Yang–Mills action has the form
SYM =
1
2
∫
d4xTr[FµνFµν ] =
1
4
∫
d4x
∑
a
F aµνF
a
µν , (505)
Fµν = T
aF aµν , Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ] . (506)
• Some group theory formulae
In (505) the matrices T a ≡ T aNc , a = 1, 2, . . . , N2c − 1 are the SU(Nc)
generators in the fundamental representation, Nc. In general the generators,
TR, in the (irreducible) representation R are normalised according to the
formula
Tr
[
T aRT
b
R
]
= ℓ[R]δab , (507)
with ℓ[R] the Dynkin index of the representation. It is customary to normalise
generators in the Nc, N¯c and Adj representations so that
ℓ[Nc] = ℓ[N¯c] =
1
2
, ℓ[Adj] = Nc . (508)
Taking the trace of the equation which defines the quadratic Casimir operator
of the representation R∑
a
T aRT
a
R = c2[R]1dim(R)×dim(R) , (509)
and using (507), one gets the useful relation
c2[R]dim(R) = ℓ[R]dim(G) . (510)
• Dirac fermions
The Euclidean action of a Dirac fermion, ψ, ψ¯, in the representation R of
the gauge group SU(Nc) takes the form
SDF =
∫
d4x ψ¯rD
r
µs[R]γµψ
s , r, s = 1, . . . ,dim(R) , (511)
where Dirac indices are understood and
Drµs[R] = ∂µδ
r
s − g(T aR)rsAaµ . (512)
In (511) hermitean γ-matrices are used, satisfying the anti-commutation re-
lations {γµ, γν} = 2δµν .
•Weyl fermions
The Euclidean action of a Weyl fermion, λaα, λ¯
a
α˙ (α, α˙ = 1, 2) belonging to
the adjoint representation of the gauge group SU(Nc) takes the form
SWF =
∫
d4x λ¯aα˙D
ab
µ [Adj]σ¯
α˙α
µ λ
b
α , (513)
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where
Dabµ [Adj] = ∂µδ
ab − gfabcAcµ , (514)
σ¯µ = (1,−iσk) , (515)
with σk the Pauli matrices. It is also useful to introduce the matrices (σµ)αα˙
σµ = (1, iσk) . (516)
and the definitions
(σµν)
β
α =
1
2
(σµαα˙σ¯
α˙β
ν − σναα˙σ¯α˙βµ ) , (517)
(σ¯µν)
β˙
α˙ =
1
2
(σ¯β˙αµ σναα˙ − σ¯β˙αν σµαα˙) . (518)
• The SYM action
The Euclidean action of the minimal N = 1 supersymmetric gauge theory
(Super Yang–Mills, SYM), SSYM, when written in components, is simply given
by the sum of (505) and (513). The classical action is invariant under the Uλ(1)
R-symmetry [164]
λ→ eiαλ , Aµ untouched . (519)
Quantum mechanically this symmetry is anomalous with
∂µJ
(λ)
µ = 2iℓ[Adj]
g2
32π2
F aµν F˜
a
µν = 2iNc
g2
32π2
F aµν F˜
a
µν , (520)
J (λ)µ = λ¯
a
α˙σ¯
α˙α
µ λ
a
α , (521)
but has a non-anomalous discrete subgroup
Z2Nc = {zk = eiαk , αk = 2πk/2Nc , k = 1, 2, . . . , 2Nc} . (522)
This important statement can be proved in different ways. An elegant proof
makes use of the (natural) extension of SYM in which a ϑ term is added to
the action (see last section of Appendix C). In this situation under a Uλ(1)
rotation of the gluino fields in the functional integral, we get the (anomalous)
WTI
〈O1(x1) . . .On(xn)〉(ϑ) = 〈O1(x1) . . . On(xn)〉(ϑ+2Ncα) . (523)
Since the theory is classically invariant under such a rotation (the transfor-
mation u(α)Oku
†(α) = exp (iηkα)Ok, with ηk the Uλ(1) charge of Ok leaves
invariant the correlator if the vacuum is annihilated by the unitary operator
u(α)), the only effect of the transformation is to change the value of the ϑ
angle. The change does not affect physics if
2Ncα = 2nπ , n ∈ Z . (524)
Instantons and Supersymmetry 139
Clearly this result holds for any value of ϑ, thus also at ϑ = 0.
When written in superfields, the SYM action takes the form [164]
SSYM =
∫
d4xd2θTr[WαW
α] , (525)
Wα = −1
4
D¯2
(
e−gVDαegV
)
, (526)
V (x, θ) = C(x) + θµ(x) + θ¯µ¯(x) +
1
2
θ2S(x) +
1
2
θ¯2S¯(x) +
+ θσµθ¯Aµ(x) +
1
2
θ¯2θλ(x) +
1
2
θ2θ¯λ¯(x) +
1
4
θ2θ¯2D(x) + . . . , (527)
where dots stand for terms that can be expressed as derivatives of the fields
already present in (527).
• The SQCD action
The Euclidean action of the N = 1 supersymmetric theory which more
closely resembles QCD is obtained by coupling in a supersymmetric and gauge
invariant way to the SYM supermultiplet Nf pairs of matter chiral superfields
fields (f = 1, . . . , Nf , r = 1, . . . , Nc)
Φrf (x) = φ
r
f (y) +
√
2θαψrαf (y) + θ
2F rf (y) , yµ = xµ + iθσµθ¯ , (528)
Φ˜fr (x) = φ˜
f
r (y) +
√
2θαψ˜fαr(y) + θ
2F˜ fr (y) , (529)
belonging to the representationsNc and N¯c, respectively, of the gauge group.
In this way the gauge invariant mass term
SmassSQCD =
∑
f
[
mf
∫
d4x
∑
αr
ψ˜αfr ψ
r
αf +m
∗
f
∫
d4x
∑
α˙r
ψ¯fα˙r
¯˜
ψ
α˙r
f +
+|mf |2
∫
d4x
∑
r
(φ∗fr φ
r
f + φ˜
f
r φ˜
∗r
f )
]
(530)
can be constructed. The rest of the action is completely standard and can be
found in any textbook or, for instance, in [4].
• The “flavour” symmetries of the SQCD action
I) The classical SQCD action is invariant under the Uλ(1) R-
symmetry [164] 54 which now transforms in a non-trivial way gluinos and
scalars according to
λ→ eiαλ , φ→ eiαφ , φ˜→ eiαφ˜ , + complex conjugate ,
Aµ , ψ, ψ¯ , ψ˜,
¯˜
ψ , untouched . (531)
54 Uλ(1) is sometimes also called U
PQ
A (1) [25], where PQ stands for Peccei–
Quinn [165], because it is anomalous and classically unbroken even at non-
vanishing masses.
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The Uλ(1) R-symmetry of SQCD is anomalous with the same anomaly as in
SYM (see (520)). Again only the Z2Nc subgroup is unbroken. With respect to
the SYM case J
(λ)
µ must now be augmented with the inclusion of the matter
contribution and reads
J (λ)µ = λ¯
a
α˙σ¯
α˙α
µ λ
a
α +
∑
f
{[
iφf∗
↔
∂ µφf
]
+
[
φf → φ˜f
]}
. (532)
II) The massless theory with Nf flavours possesses a global SU(Nf) ×
SU(Nf )×UV (1)×UA(1) symmetry. The chiral SU(Nf )×SU(Nf) symmetry is
broken by matter mass terms. For instance, if all masses are equal (mf = m),
the unbroken subgroup is the diagonal vector group UV (Nf ), while, if all
masses are different (m1 6= m2 6= . . . 6= mf ), the leftover unbroken subgroup
is U(1)Nf .
III) The UA(1) transformation
(φ, ψ)→ eiα(φ, ψ) , (φ˜, ψ˜)→ eiα(φ˜, ψ˜) , + complex conjugate ,
λ , Aµ , untouched . (533)
is classically a symmetry at vanishing masses, but it is quantum-mechanically
anomalous with
∂µJ
(A)
µ = 2iNf
g2
32π2
F aµν F˜
a
µν , (534)
J (A)µ =
∑
f
{[
ψ¯fα˙σ¯
α˙α
µ ψαf + iφ
∗f↔∂ µφf
]
+
[
(φf , ψf )→ (φ˜f , ψ˜f )
]}
. (535)
IV) Often, instead of Uλ(1), the linear combination
UR(1) =
3
2
Uλ(1)− 1
2
UA(1) (536)
is introduced because the associated current belongs to the current supermul-
tiplet [166]. This classical symmetry is anomalous and from (520) and (534)
we see that the associated current obeys the anomaly equation
∂µJ
(R)
µ = i(3Nc −Nf )
g2
32π2
F aµν F˜
a
µν . (537)
V) It is possible to construct a non-anomalous, exactly conserved current,
J
(Aˆ)
µ , out of the two anomalous currents J
(A)
µ and J
(λ)
µ (see (535) and (532)).
One finds
J (Aˆ)µ = −NfJ (λ)µ +NcJ (A)µ . (538)
The transformations induced on the fields by the associated UAˆ(1) symme-
try (538) are
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(φ, φ˜)→ ei(Nc−Nf)α(φ, φ˜) , (ψ, ψ˜)→ eiNcα(ψ, ψ˜) , + complex conjugate ,
λ→ e−iNcαλ , + complex conjugate . (539)
VI) In the Table below we recollect for convenience the charges of elemen-
tary and composite gauge and matter fields under the various U(1)’s we have
introduced. In the last two rows we report the coefficient of the anomaly of
the associated current in units of Q = g
2
32π2F
a
µν F˜
a
µν and we indicate whether
the conservation of the current is broken by mass terms or not.
Field SU(Nf ) SU(Nf ) UA(1) UR(1) UAˆ(1) Uλ(1)=U
PQ
A (1) UV (1)
λ 1 1 0 3/2 -Nf 1 0
ψ Nf 1 1 1 Nc 0 1
φ Nf 1 1 -1/2 Nc −Nf 1 0
ψ˜ 1 Nf 1 1 Nc 0 -1
φ˜ 1 Nf 1 -1/2 Nc −Nf 1 0
S|θ=0 1 1 0 3 −2Nf 2 0
T fh |θ=0 Nf Nf 2 2 2(Nc −Nf ) 2 0
Anomaly / / 2Nf 3Nc −Nf 0 2Nc 0
Mass term Yes Yes Yes Yes Yes No No
Table 1. The SU(Nf )×SU(Nf ) quantum numbers and U(1)-charges of elementary
and composite fields of SQCD. The anomaly associated with each U(1) current is
given in units of g2/32pi2F aµν F˜
a
µν . In the last line by “Yes” (“No”) we mean that the
corresponding symmetry is (is not) broken by the presence of mass terms.
• Gluino zero modes
The explicit expression of the 2Nc gluino zero modes endowed with the
correct normalisation
∫
d4x
∑
a λ
aα(x)λa∗α (x) = 1 is (the index counting the
2Nc zero modes is indicated in parenthesis)
(λα(k))
s
r(x) =
1
π
(δαr δ
s
k − ǫαsǫrk)ρ2(f(x))2 , k = 1, 2 , (540)
(λα(α˙))sr(x) = −
i√
2π
σ¯α˙βµ (x− x0)µ(δαr δsβ − ǫαsǫrβ)ρ(f(x))2 , α˙ = 1, 2 , (541)
(λα(±i))
s
r(x) =
1√
2π
(δαr δ
s
i ± ǫαsδri)ρ(f(x))3/2 , i = 1, . . . , Nc − 2 , (542)
with
f(x) =
1
(x− x0)2 + ρ2 . (543)
The first four modes are SU(2) triplets, while the last 2(Nc− 2) are doublets.
The four triplets can be directly generated from the expression (24) by acting
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on it with anyone of two supersymmetric and two superconformal transfor-
mations that are unbroken in the background instanton field. They are often
called “exact zero modes” in the literature, see for instance [121] and refer-
ences therein. This name originates from the following observation. Effectively
the overall field configuration which is relevant for the kind of computations
we have presented in Sect. 4 (see Sect. 14 for further applications) is given by
the gauge instanton solution, the associated set of fermionic zero modes and
the expression of the scalar fields that are obtained by solving their linearised
classical e.o.m., i.e. the e.o.m. that result upon neglecting the quartic scalar
self-interaction terms. The reason for neglecting such terms is that the latter
would give rise to contributions of higher order in g compared to the leading
ones we have been keeping. When the action of the theory is computed in this
approximation and on the above field configuration, it just happens that the
result does not depend on the fermionic collective coordinates associated with
the four SU(2) triplet zero modes of (540) and (541). The other fermionic zero
modes will give origin to quartic terms in the remaining 2(Nc − 2) fermionic
collective coordinates (see Sect. 14).
B – Bosonic collective coordinates and functional
integration
In this Appendix we want to explain how one can compute the pure gauge
part of the functional integration in the semi-classical approximation around
a non-trivial instantonic background. We will follow the method of [10], which
neatly explains how to deal with the problem of bosonic zero modes and the
consequent need of introducing collective coordinates.
In the semi-classical approximation one starts by expanding the (gauge)
action around the (instanton) classical solution, keeping only terms up to
quadratic fluctuations. Setting
Aµ = A
I
µ +Qµ , (544)
one gets in this way
SYM = S
I − 1
2
∫
d4xTr
[
QµMµν(AI)Qν
]
+O(Q3) , (545)
where
SI =
8π2
g2
|K| , (546)
Mµν(AI) = −D2(AI)δµν +Dµ(AI)Dν(AI)− 2[F Iµν , · ] , (547)
Dµ(A
I) = ∂µ + g[A
I
µ, · ] . (548)
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The operator Mµν(AI) has quite a large manifold of (normalisable and
non-normalisable) zero modes. Not only it is annihilated by all the func-
tions of the form Dν(A
I)F (x), as a consequence of gauge invariance, but
also by the 4|K|Nc normalisable vectors that are obtained by differentiat-
ing the instanton field configuration with respect to the 4|K|Nc parameters,
βi, i = 1, . . . , 4|K|Nc (bosonic collective coordinates in the following), upon
which the most general classical solution depends 55. The existence of such
zero modes is immediately proved by noticing that by differentiating the clas-
sical instanton e.o.m., (δSYM/δAµ)AIµ = 0, with respect to βi, one gets∫
d4x′
( δ2SYM
δAµ(x)δAν (x′)
)
AIµ
∂AIν(x
′, β)
∂βi
=
=Mµν(AI)∂A
I
ν(x, β)
∂βi
= 0 , i = 1, . . . , 4|K|Nc . (549)
The most elegant way to deal with an operator with such a kernel was worked
out some time ago in [10]. The idea is to functionally integrate over all fluc-
tuations, Qµ(x) = Aµ(x) − AIµ(x, β)U , that are orthogonal to the manifold
described by AIµ(x, β)
U when U spans the space of topologically trivial gauge
transformations, G0, and the parameters βi are let to move in their allowed
range of variation. In more mathematical terms the latter manifold is called
the “instanton moduli space”.
The orthogonality conditions (549) are imposed by a straightforward gen-
eralisation of the usual Faddeev–Popov (FP) procedure [167] which consists
in introducing in the functional integral the identity
1 = ∆FP
∫
G0
∏
a,x
δha(x)
∫
M
∏
i
dβi δ
(
< (Aµ −AIµ(β)Uh),
δAIµ(β)
Uh
δha(x)
>
)
×
×δ
(
< (Aν −AIν(β)Uh),
∂AIν(β)
Uh
δβi
>
)
, (550)
where ∆FP is the FP determinant. In (550) we have used the short-hand
notation
< fµ, gµ >=
1
2
∫
d4xTrAdj[fµ(x)gµ(x)] (551)
for the scalar product < ·, · > induced in the space of functions by the form of
the gauge action. After some algebra (see [168] for details) (550) can be cast
in the more expressive form
55 We are referring here to the SU(Nc) gauge group case. In the one-instanton sector,
|K| = 1, the collective coordinates are the size and the location of the instanton
and its 4Nc − 5 “orientation angles” in colour space [9,20,23].
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1 = ∆FP
∫
G0
∏
a,x
Dµ[ha(x)]
∫
M
∏
i
dβi δ
(
Tr[T aDµ(A
I)(Aµ(x)
U†
h−AIµ(x, β))]
)
×
×δ
(
< (A
U†
h
ν −AIν(β)),
∂AIν(β)
δβi
>
)
, (552)
which shows that we are naturally brought to work in the instanton back-
ground gauge. ∆FP can be shown to have in the semi-classical approximation
the expression
∆FP = det
x,y
a,b
[−D2(AI)abδ(x− y)]deti,j[ < a(i)(β), a(j)(β) > ] , (553)
where the a(i)’s (i = 1, 2, . . . , 2|K|Nc) are the mutually orthogonal (see next
subsection) vectors
a(i)µ (x, β) =
[
δµν −Dµ(A)[D2(A)]−1Dν(A)
∣∣
Aµ=AIµ
]∂AIν(x, β)
∂βi
. (554)
We will indicate by ||a(i)|| their norm in the metric induced by the scalar prod-
uct (551). The vectors a
(i)
µ (x, β) are not exactly the functions ∂AIµ(x, β)/∂βi.
They differ from the latter by a term which makes them to fulfill the equation
Dµ(A
I)a(i)µ (x, β) = 0 , (555)
i.e. which makes them transverse with respect to the covariant derivative in
the instanton background.
Putting everything together and noticing that the orthogonality condi-
tion among the vectors (554) makes immediate the computation of the factor
deti,j [< a
(i)(β), a(j)(β) >] in ∆FP, one finally gets for the v.e.v. of a gauge
invariant operator, O(A), in the semi-classical approximation around an in-
stanton configuration with winding number |K| the expression
〈O〉
∣∣∣
s.c.
=
e
− 8π2
g2
|K|
Z|s.c.
∫
DQµ
∏
i
dβi
||a(i)||√
2π
× (556)
× e− 12
R
d4xd4y QµMg.f.µν Qνdet[−D2(AI)]δ(Dabµ (AI)Qbµ)O(AI) ,
where
Z|s.c. =
∫
DQµe− 12
R
d4xd4y QµMg.f.0;µνQνdet[−∂2]δ(∂µQaµ) , (557)
Mg.f.µν = −D2(AI)δµν − 2 [F Iµν , · ] , (558)
Mg.f.0;µν = −∂2δµν . (559)
Z|s.c. is the necessary normalisation factor which, in order to be consistent
with the approximation we are working in, must be evaluated by expanding
the action around the trivial solution of the field e.o.m. keeping only terms
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quadratic in the fluctuations. Note that to make more transparent analogies
and differences between (556) and (557) we have named Qµ the integration
variable also in (557). Mg.f.µν (Mg.f.0µν) is the gauge fixed operator that gov-
erns the quadratic fluctuations of the gauge field in the instanton (trivial)
background and det[−D2(AI)] (det[−∂2]) is the associated FP determinant.
One can formally perform the gauge functional integrations in the r.h.s.
of (556), getting
〈O〉
∣∣∣
s.c.
= µnB
e
− 8π2
g2
|K|
Z|s.c.
∫ nB∏
i=1
dβi
||a(i)||√
2π
×
× (det
′[Mg.f.µν ])−
1
2det[−D2(AI)]
(det[Mg.f.0;µν ])−
1
2det[−∂2] O(A
I ) , (560)
where nB = 4|K|Nc is the number of bosonic zero modes and µ is the sub-
traction point (see below). The prime on det′[Mg.f.µν ] is to mean that the
determinant should be taken in the space orthogonal to the manifold spanned
by the zero modes (554).
A number of observations are in order here.
1) As is seen from the above equations, by the method of [10] one is
naturally led to the background gauge fixing condition Dabµ (A
I)Qbµ = 0.
2) One must imagine that the above functional integral has been computed
in some regularisation. In these instantonic computations it is customary to
work in the Pauli–Villars (PV) regularisation [2], where a ghost-like field with
mass µ (but opposite statistics) is introduced for each fundamental field in
the action (gluons, FP-ghosts and, if present, fermions). The net effect of the
presence of PV regulators is that the result of the functional integration over
quadratic fluctuations will have the form of a product of factors, with each
term being the ratio of the determinant of each particle quadratic operator
divided by the associated PV-ghost determinant (raised to the appropriate
power according to multiplicity and statistics).
3) When the limit µ → ∞ is taken, the only left-over µ dependence is
the multiplicative factor µnB , nB = 4|K|Nc. This factor comes about because
of the following reason. There is a one-to-one correspondence between the
eigenvectors (and the eigenvalues) of analogous operators in each ratio of
determinants, except for the zero modes. There is, in fact, a mismatch between
numerator and denominator in the sense that there are some (actually nB =
4|K|Nc) eigenvalues in the PV-denominator that do not have their counterpart
in the “primed” determinant in the numerator. This leaves out precisely a
factor (µ2)
1
2 for each bosonic collective coordinate (and actually a factor µ−
1
2
for each Weyl fermion zero mode, see (23) in Sect. 2.3).
4) The factor 1/
√
2π for each bosonic zero mode appears for a similar
reason. In fact, the integrations that give rise to the product of eigenvalues
finally leading to the various bosonic determinants are all Gaussian in the
(quadratic, i.e. semi-classical) approximation in which we are working. Since,
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as we noticed above, there is a one-to-one correspondence between physical
modes and PV modes, all the factors
√
2π will compensate between the numer-
ator and the denominator, except for the factors coming from the integration
over the PV-modes that are in correspondence with the bosonic zero modes.
The reason is that no Gaussian integration is associated with the bosonic zero
modes, as the latter were replaced by integrations over the related collective
coordinates. In this way a factor 1/
√
2π for each bosonic zero mode will be
left in the denominator.
5) In principle one can go beyond the semi-classical formulae (556)
and (560), including perturbatively O(Q3µ) ∼ O(g) and O(Q4µ) ∼ O(g2) cor-
rections that were neglected before. As is well known, perturbation theory in
an external field is perfectly well defined and fully renormalisable.
Bosonic zero modes
We close this Appendix by reporting in the case Nc = 2 and K = 1 the
explicit expression of the 4|K|Nc = 8 “transverse” bosonic zero modes and of
their norms. One finds (y = x− x0)
a
(ν)
µ = F Iµν(y) , ||a(ν)µ || = 2
√
2π
g ,
a
(dil.)
µ = AIµ(y)
2y2
ρ(y2+ρ2) , ||a(dil.)µ || = 4πg ,
a
(a)
µ = Dµ(A
I)
[
Ta
g
y2
y2+ρ2
]
, ||a(a)µ || = 2πρg .
(561)
One can check that these vectors are mutually orthogonal.
C – Quantum tunneling
The emergence of the quantum tunneling phenomenon in the presence of in-
stantons is most easily and rigorously explained in the Schro¨dinger functional
formalism [169], where the theory is formulated in terms of a “propagation ker-
nel” which expresses the probability amplitude to find the gauge field config-
uration A(2)(x) = (A
(2)
i (x) , i = 1, 2, 3) at the final time t = T/2, if the gauge
field configuration at the initial time t = −T/2 was A(1)(x) = (A(1)i (x) , i =
1, 2, 3).
The Schro¨dinger functional in the temporal gauge
The Schro¨dinger kernel is most expressively written in the temporal
gauge [170]. As a result of making use of the Faddeev–Popov procedure, one
can show that in the formal continuum language it takes the form 56
56 For the lattice regularised formulation of the Schro¨dinger kernel - more commonly
called Schro¨dinger functional in that context - see [171].
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K[A(2),A(1);T ] =
∫
Gˆ0
∏
x
Dµ[h(x)]
∫ [A(2)(x)]U0[h(x)]
A(1)(x)
∏
a,x
∏
−T2 <t<T2
DAa(x, t)×
× exp [− SYM [A, A0 = 0]] , (562)
where U0[h] = exp(iT
aha) ∈ Gˆ0 with Gˆ0 the group of the time-independent,
topologically trivial gauge transformations (i.e. those that tend to the group
identity at spatial infinity) and Dµ[h(x)] is the invariant Haar measure over
SU(Nc) at each spatial point x. The integration over the spatial components
of the gauge field is extended to all configurations that satisfy the boundary
conditions A(x, T/2) = [A(2)(x)]U0[h(x)] and A(x,−T/2) = A(1)(x).
The gauge integration over Gˆ0 plays a crucial role in the formalism as it
has the effect of projecting out from the kernel all the states that do not
satisfy the Gauss’ law constraint. In fact, since the Gauss’ law operator is the
generator of the time-independent topologically trivial gauge transformations,
only the states annihilated by it will appear in the spectral decomposition of
K[A(2),A(1);T ] [170], for which we can then formally write
K[A(2),A(1);T ] =
∑
n
e−EnTΨn[A(2)](Ψn[A(1)])∗ , (563)
where
HΨn[A] = EnΨn[A] , (564)
Di(A)
ab δ
δAbi(x)
Ψn[A] = 0 . (565)
The last equation is indeed the statement that the eigenstates of the Hamil-
tonian appearing in the spectral decomposition (563) are left untouched by
time-independent gauge transformations that tend to the identity at infinity.
In fact, from the invariance property
U0[h]Ψn[A] = Ψn[AU0[h]] = Ψn[A] , (566)
U0[h] = exp
(
−
∫
d3x (Dabi h
b(x))
δ
δAai (x)
)
, (567)
the Gauss’ law (565) follows by expanding (566) in powers of h(x), if the
latter function vanishes as |x| → ∞, i.e. precisely if U0[h] ∈ Gˆ0. An equivalent
way to prove this statement is to observe that the Schro¨dinger kernel enjoys
the invariance properties
K[(A(2))U0 , (A(1));T ] = K[A(2),A(1);T ] = K[A(2), (A(1))U0 ;T ] . (568)
The first equality follows from the invariance of the Haar measure, as the U0
gauge transformation can be reabsorbed in the integration measure over Gˆ0.
The second equality is an immediate consequence of the previous equation
and the invariance property
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K[(A(2))U , (A(1))U ;T ] = K[A(2),A(1);T ] , U ∈ Gˆ0 (569)
which in turn follows from the observation that any time-independent gauge
transformation acting on the boundary fields can be reabsorbed by the change
of variablesA→ A′ = AU in (562). The invariance property (569) can be used
to show that the Gˆ0 gauge integration in (562) can be equally well performed
over the time-independent gauge transformations acting on the boundary field
A(1) at t = −T/2.
Emergence of the ϑ angle
We finally notice that the states Ψn also support a unitary representation,
U
K
, of the abelian homotopy group Π3(SU(2)) ∼ Π3(S3) = Z. Since the
Hamiltonian, H, and U
K
commute, they can be simultaneously diagonalised.
Thus on their common eigenvectors (for a while we will keep calling them Ψn)
we have
U
K
Ψn[A] = Ψn[A
U
K ] = e−iϑK Ψn[A] . (570)
Consistency with the group property
U
K
U
K′
= U
K+K′
(571)
implies
ϑ
K
= Kϑ , (572)
naturally leading to the emergence of a ϑ-angle. States should (and will) then
be indicated by Ψ
(ϑ)
n [A] in the following.
Classical vacua and quantum tunneling
The classical vacua of the theory are immediately identified as the gauge
configurations for which the classical Hamiltonian
H =
∫
d3x
(1
2
A˙ai A˙
a
i +
1
4
F aijF
a
ij
)
(573)
vanishes, thus as time-independent (A˙ai = 0) pure gauges (F
a
ij = 0). This
simple argument shows that there are infinitely many “vacua” labeled by an
integer, K ∈ Z, which is telling us which homotopy class the K-th vacuum
belongs to.
In Euclidean time the one-instanton (K = 1) solution interpolates between
adjacent minima, i.e. between pure gauge configurations with winding number
differing by one unit 57. The formulae (12) and (13) can then be immediately
57 Multi-instanton solutions with |K| > 1 connect vacua with winding numbers dif-
fering by exactly |K| units. They have an action (see (546)) which is exponentially
small with respect to the one-instanton action. In the approximation we are work-
ing, their contribution is automatically taken care of by the exponentiation of the
one-instanton contribution implicit in the spectral formula (563). Incidentally this
is the way in which within the Schro¨dinger functional formalism the “dilute gas”
approximation [3,12] is recovered.
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proved. Since A0 = 0, one successively gets, in fact
K=
g2
32π2
∫
d4xF aµν F˜
a
µν(x)=
g2
16π2
∫
d4x∂µKµ(x)=
g2
16π2
∫
d4x∂0K0(x, t) =
=
g2
16π2
[ ∫
d3xK0(x,+∞)−
∫
d3xK0(x,−∞)
]
= n+ − n− . (574)
The last equality follows remembering that at very large (positive and nega-
tive) times K0 ∝ ǫijkTr[AiAjAk] with A a pure gauge.
The classical vacuum degeneracy is removed by the quantum mechani-
cal tunneling between adjacent minima occurring with an amplitude Γ I ∝
exp(−SI) = exp(−8π2/g2). A band spectrum is generated with the lowest
energy eigenstates and eigenvalues given by
Ψ
(ϑ)
0 [A] =
∑
K∈Z
e−iKϑΨ (K)0 [A] , (575)
E0(ϑ) = α0 + β0 cosϑ , (576)
where, at the leading order in Γ I , Ψ
(K)
0 [A] is the perturbative vacuum state
functional “centered” around the K-th minimum of the energy, i.e. around a
pure gauge field with winding number K and α0, β0 are computable constants
proportional to the spatial volume of the system.
It is not too difficult to prove the result (576). We start by observing
that, once quantum tunneling has been recognised to take place, the spectral
decomposition of the Schro¨dinger kernel can be written in more informative
form (
∑
n →
∫
dϑ
∑
ℓ)
K[A(2),A(1);T ] =
∫ 2π
0
dϑ
∑
ℓ
e−Eℓ(θ)TΨ (θ)ℓ [A
(2)](Ψ
(θ)
ℓ [A
(1)])∗ . (577)
For the purpose of our calculation it is enough to take A(2) and A(1) as
pure gauges. At this point only their winding number matters and we can
simplify our notation by writing the Schro¨dinger kernel and the associated
state functionals in the form K[K(2),K(1);T ] and Ψ (ϑ)ℓ [K], respectively. In
this notation (570) becomes
U
K
Ψ
(ϑ)
ℓ [0] = Ψ
(ϑ)
ℓ [K] = e
−iϑKΨ (ϑ)ℓ [0] , (578)
where, we stress, “0” means a pure gauge configuration with K = 0.
To leading order in the instanton tunneling amplitude, we only need to
evaluate the kernels K[K,K;T ], K[K,K+1;T ] and K[K+1,K;T ], as all the
others should be considered exponentially small to this order
K[K,K ′;T ] = 0 , |K −K ′| > 1 . (579)
In order to proceed further we first note the relation
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K[K,K + 1;T ] = (K[K + 1,K;T ])∗ =
=
∫ 2π
0
dϑ
∑
ℓ
Ψ
(ϑ)
ℓ [K](Ψ
(ϑ)
ℓ [K + 1])
∗e−Eℓ(ϑ)T =
=
∫ 2π
0
dϑ eiϑ
∑
ℓ
Ψ
(ϑ)
ℓ [0](Ψ
(ϑ)
ℓ [0])
∗e−Eℓ(ϑ)T , (580)
that follows from (578). Since we are interested in computing the energy
of the lowest lying state, we shall take T very large, keeping however
T exp(−8π2/g2) < 1. Expanding the exponential of the energy up to terms
linear in T , one finds
K[K,K + 1;T ] =
∫ 2π
0
dϑeiϑ|Ψ (ϑ)0 [0]|2(1− E0(ϑ)T +O(T 2)) =
= |ΨP.T.0 [0]|2
∫ 2π
0
dϑ
2π
eiϑ(1− E0(ϑ)T +O(T 2)) =
= −T |ΨP.T.0 [0]|2
∫ 2π
0
dϑ
2π
eiϑE0(ϑ) + O(T
2) , (581)
K[K + 1,K;T ] = −T |ΨP.T.0 [0]|2
∫ 2π
0
dϑ
2π
e−iϑE0(ϑ) + O(T 2) , (582)
K[K,K;T ] = |ΨP.T.0 [0]|2 − T |ΨP.T.0 [0]|2
∫ 2π
0
dϑ
2π
E0(ϑ) + O(T
2) , (583)
where the first equality in (581) follows from the fact that in the semi-classical
approximation one has
|Ψ (ϑ)0 [0]|2 =
1
2π
|ΨP.T.0 [0]|2 . (584)
We conclude from (579), (581), (582) and (583) that the coefficient of the
terms linear in T has only the three non-vanishing Fourier components of
order ±1, 0. Thus E0(ϑ) is precisely of the form (576).
Adding a ϑ-term
It is instructive to see what happens if a ϑ-term is added to the gauge action.
In this case the contribution
iϑ
g2
32π2
∫
d4xF aµν F˜
a
µν(x) (585)
should be included in (505) 58. It is easy to prove that such an action describes
a world with a well defined ϑ-angle (obviously equal to the value appearing
in (585)). From the formula (see (562))
58 Notice the presence of the imaginary unit in front of this term even in Euclidean
metric.
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K(ϑ)[A(2),A(1);T ] =
∫
Gˆ0
∏
x
Dµ[h(x)]K˜(ϑ)[(A(2))U0[h],A(1);T ] , (586)
K˜(ϑ)[A(2),A(1);T ] =
∫ A(2)(x)
A(1)(x)
∏
a,x
∏
−T2 <t<T2
DAa(x, t)
exp
[− SYM [A, A0 = 0]− iϑ g2
32π2
∫
d4xF aµν F˜
a
µν(x)
]
, (587)
one checks, in fact, that under a homotopically non-trivial (time-independent)
gauge transformation with winding number K, acting, say, on the boundary
gauge field at T/2, the Schro¨dinger kernel is not invariant (recall the situation
in the absence of a ϑ-term, (569)), rather one has
K(ϑ)[(A(2))UK ,A(1);T ] = e−iKϑK(ϑ)[A(2),A(1);T ] . (588)
This result (which incidentally implies that physics is invariant if we replace ϑ
with ϑ+2π) follows from the fact that the exponent in (587) is not invariant
under such gauge transformation. Obviously the YM action is invariant, but
the second term is not. The reason can be traced back to the fact that the
vector Kµ in (8) is not gauge invariant. Under the time independent gauge
transformationU
K
in (588) one finds, in fact (recall that we are in the temporal
gauge)
g2
32π2
∫
d4x
[
F aµν F˜
a
µν
]U
K =
g2
16π2
∫
d3x
[
K0[(A
(2))UK ]−K0[A(1)]
]
=
=
g2
16π2
∫
d3x
[
K0[A
(2)]−K0[A(1)]
]
+ (589)
+
ǫijk
24π2
∫
S3
d3xTr
[
U †
K
∂iUK U
†
K
∂jUK U
†
K
∂kUK
]
=
g2
32π2
∫
d4x
[
F aµν F˜
a
µν
]
+K .
From the spectral decomposition of K(ϑ), one concludes that (578) holds for
each state appearing in it, thus proving the announced statement.
D – Decoupling
The physical content of the Applequist–Carazzone theorem [42] is that in an
asymptotically free theory a heavy particle (i.e. a particle with mf ≫ Λ)
should “decouple”, that is to say, it should not influence physics at energies
E ≪ mf .
The most important (for us) consequence of this statement is that one can
relate the Λ parameter of an SU(Nc) gauge theory with Nf flavours to that
of the theory with Nf −1 dynamically active flavours, which is obtained after
the mass of one of the flavours (say the Nf -th one) has been sent to infinity.
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The running of the coupling constant of the two theories is guided at 1-loop
by the evolution equations (the dependence of b1 on Nc is understood)
g2Nf (µ)
8π2
=
1
b1,Nf logµ/Λ
(Nf )
, (590)
g2Nf−1(µ)
8π2
=
1
b1,Nf−1 logµ/Λ(Nf−1)
. (591)
A necessary implication of decoupling is that for mf ≫ Λ(Nf−1), Λ(Nf ) the
running of g2 in the theory with Nf flavour must change from the behaviour
in (590) - when µ is sufficiently larger than mf - to that in (591) - when µ is
well below it. The equality of the coupling constants at µ ∼ mf (required by
smoothness) leads to the sought relation( mf
Λ(Nf)
)b1,Nf
=
( mf
Λ(Nf−1)
)b1,Nf−1
. (592)
Notice that, since we are assuming that mf is larger than both Λ
(Nf−1) and
Λ(Nf ), from (592) it follows Λ(Nf−1) > Λ(Nf ). This relation is phenomeno-
logically quite important. It is telling us that, when the energy scale, E, of
a process goes through the production threshold of a particle of mass mf ,
since the running of the coupling constant switches from that of (590) to that
of (591), it just happens that the value taken by the effective coupling con-
stant, g2eff(E), that controls the process is always the largest between g
2
Nf−1(E)
and g2Nf (E) for all values of E.
E – Flat directions of massless SQCD
In this Appendix we want to elucidate the structure of the vacuum manifold of
massless SQCD. The theory possesses the (non-anomalous) symmetry group
(see Table 1)
G = SUL(Nf )× SUR(Nf )× UV (1)× UAˆ(1) . (593)
Any field configuration of the type
Aµ = λ = ψ = ψ¯ = ψ˜ =
¯˜
ψ = 0 , (594)
Da = φr †f (T
a)r
′
r φ
f
r′ − φ˜rf (T a)r
′
r φ˜
f †
r′ = 0 (595)
has vanishing energy, thus it is to be interpreted as a classical vacuum state.
Non-renormalisation theorems ensure that this configuration is stable against
perturbative corrections (but, as we have seen, not against non-perturbative
instantonic corrections).
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For the applications it is important to determine the solutions of (595).
In order to simplify the discussion, it is convenient to separately examine the
case Nf < Nc and Nf ≥ Nc.
• For Nf < Nc it can be easily seen that (up to symmetry operations) the
most general solution of (595) is given by
〈φfr 〉 = 〈φ˜f †r 〉 =
{
vrδ
rf 1 ≤ r ≤ Nf
0 otherwise
(596)
If the v’s are all non-vanishing the gauge symmetry is broken from the original
SU(Nc) group down to SU(Nc − Nf). In the special case Nf = Nc − 1 the
gauge symmetry is completely broken. Among the quark superfields, (2Nc −
Nf )Nf of them become heavy owing to the super-Higgs mechanism, while
the remaining N2f will contain the Goldstone bosons of the various broken
global symmetries, as well as their superpartners. The pattern of surviving
symmetries will depend upon the detailed values assumed by the vr’s in (596).
• For Nf ≥ Nc the analysis of (595) is a bit more involved. The result is that
(up to symmetry operations) the most general pattern of scalar v.e.v.’s that
makes Da vanish is
〈φfr 〉 =
{
vrδ
rf 1 ≤ f ≤ Nc
0 otherwise
(597)
〈φ˜f †r 〉 =
{
(|vr|2 − b2) 12 δrf 1 ≤ f ≤ Nc
0 otherwise
(598)
where b is an arbitrary constant. For non-zero vr the gauge symmetry is
completely broken and N2c − 1 quarks become massive by the super-Higgs
mechanism. Again the detailed pattern of surviving symmetries depend on
the particular values taken by the scalar v.e.v.’s (597) and (598).
We wish to conclude with a comment. As we have seen, the vacuum man-
ifold is not compact. This is due to the fact that the symmetry of the set of
supersymmetric vacua is a certain complexification of the symmetry group of
the Lagrangian [172]. In fact, any rescaling of the massless scalar fields, al-
though not a symmetry of the theory, when applied to a vacuum configuration
leads to another acceptable, physically inequivalent, vacuum.
F – N = 2 Lagrangian and supersymmetry
transformations
Rigid N = 2 supersymmetric theories consist of two kinds of massless multi-
plets. Vector multiplets and hypermultiplets.
Vector multiplets contain a vectorAµ, two spinor gaugini λ
r
α and a complex
scalar φ all transforming in the adjoint representation of the gauge group.
Vector multiplets are described by chiral superfields usually denoted by A
whose θ expansion schematically reads
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A(x, θ) = a(x) + θrαλαr (x) +
1
2
θrασ
µνα
βθ
β
r Fµν(x) + · · · . (599)
Higher order terms in θr with r = 1, 2 can be expressed as derivatives of the
lower ones.
The Lagrangian of pure N = 2 SYM theory is given by
L =
∫
d4θF(A) , (600)
where F(A) is a group invariant function of the chiral superfields. Renormal-
isability restricts F(A) to be quadratic
F(A) = 1
2
τ0A2 , (601)
so that
τ0δab =
∂2F(A)
∂Aa∂Ab (602)
and
LN=2 = Im τ0Tr
(
1
4
FµνF
µν + iλrσµDµλ¯r +DµφD
µφ†+
+ [φ, φ†]2 + λr[φ†, λr] + λ¯r[φ, λ¯r ]
)
. (603)
The LagrangianLN=2 is invariant under Poincare´ transformations (up to total
derivatives), under U(2)R R-symmetry transformations and under the global
N = 2 supersymmetry transformations
δAµ = η
rσµλ¯r + η¯
rσ¯µλr
δλr = (
1
2
Fµνσ
µν + [φ, φ†])ηr + iσµDµφη¯r
δφ = ηrλr , (604)
where Aµ is the gauge potential associated with the field strength Fµν . R-
symmetry indices are raised and lowered with the symplectic matrix εrs.
G – BPS configurations
The acronym BPS, for Bogomol’nyi–Prasad–Sommefield, was initially intro-
duced to designate certain solitonic solutions in non-supersymmetric quantum
field theories. The simplest configuration of this type is a symmetric monopole
arising in the Georgi–Glashow model [173] describing a SU(2) gauge field
coupled to a scalar field in the adjoint representation. The Lagrangian of the
model is
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L = −1
4
F aµνF
aµν +
1
2
DµΦ
aDµΦa − λ
4
(ΦaΦa − v2)2 , a = 1, 2, 3 , (605)
with gauge coupling constant e. As shown by ’t Hooft [95] and Polyakov [96],
in the Coulomb phase, i.e. in the presence of a v.e.v. for the adjoint scalar, the
theory admits monopole solutions characterised by an integer-valued topolog-
ical charge. Static finite energy configurations have vanishing scalar potential
at spatial infinity. The condition for the vanishing of the potential defines a
two-sphere,
∑
a Φ
aΦa = v2. Therefore for such configurations the scalar field
provides a map from the two-sphere at spatial infinity into the two-sphere
of the Higgs vacuum. This map defines the second homotopy group of S2,
Π2(S
2) ≡ Z. As a result, the magnetic charge, g, associated with a solution
of the field equations satisfies a Dirac quantisation condition. Denoting by B
the non-abelian magnetic field with components Bai = − 12εijkF ajk, one finds
g =
∫
S2∞
B · dΣ = 1
2ev3
∫
dΣi εijkεabcΦa∂jΦb∂kΦc =
4πn
e
, (606)
where the integer n is the winding number determined by the behaviour of
the Higgs field at spatial infinity.
No exact solution to the complete non-linear field equations is know ex-
plicitly, even in the simplest case of gauge group SU(2). However, the analysis
can be drastically simplified taking advantage of the implications of a general
bound on the mass of field configurations with non-vanishing winding num-
ber known as the Bogomol’nyi bound. For a static field configuration with
vanishing electric field, Eai = −F a0i = 0, the energy (mass) satisfies
M =
∫
d3r
1
2
[Ba ·Ba +DΦa ·DΦa + V (Φ)] ≥
≥ 1
2
∫
d3r (Ba −DΦa)2 + vg , (607)
implying the bound
M ≥ vg . (608)
Minimal energy configurations saturate the bound and thus should have van-
ishing potential and should satisfy the first order Bogomol’nyi equation
Ba = DΦa . (609)
The first explicit example of solution to (609) with M = vg is the spherically
symmetric one constructed by Prasad and Sommerfield [98]. Following their
analysis the expression BPS saturated has been used to designate solutions to
the field equations saturating the Bogomol’nyi bound. For dyons with electric
and magnetic charges e and g respectively the bound generalises to
M ≥ v(e2 + g2)1/2 . (610)
A comprehensive review of the physics of solitons and monopoles in gauge
theory can be found in [174].
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H – Extended superalgebras, central charges and
multiplet shortening
In the context of supersymmetric theories certain short multiplets which cor-
respond to special representations of the supersymmetry algebra (see also
Appendix A) are referred to as BPS multiplets. States in such multiplets sat-
urate a generalisation of the Bogomol’nyi bound (608), which relates their
mass, M , to their “central charge”.
The N = 1 supersymmetry algebra in D = 4,
{Qα, Q¯α˙} = iσµαα˙Pµ , {Qα, Qβ} = 0 , (611)
admits no central extension. Generalised (non scalar) central charges associ-
ated with the existence of domain wall configurations may appear, but they
carry Lorentz indices.
Extended supersymmetry algebras, on the other hand, admit non trivial
bona fide central charges, usually denoted by Z. TheN = 1 superalgebra (611)
can be generalised to
{QAα , Q¯α˙B} = iδABσµαα˙Pµ , {QAα , QBβ } = ZABǫαβ , (612)
where A,B = 1, ...,N are supersymmetry indices and the central charges,
ZAB, satisfy ZAB = −ZBA. In particular for N = 2 there is only one complex
central charge, Z ≡ Z12, while for N = 4 there are six complex central
charges satisfying a (self) duality condition ZAB = 12ǫ
ABCDZ¯CD, very much
as the elementary scalar fields in the theory. By means of a R-symmetry
transformation, the central charges can be skew diagonalised and shown to
satisfy
M ≥ |Z1| ≥ |Z2| ≥ · · · ≥ |Zi| ≥ · · · ≥ 0 , (613)
where M2 = PµP
µ is one of the Casimirs of the representation one is consid-
ering, for a proper ordering of the skew eigenvalues Zi, i = 1, ..., [N/2]. For N
odd, one eigenvalue is necessarily zero by Binet’s theorem. The relation (613)
represents a generalisation of the Bogomol’nyi bound.
Irreducible “massive” representations of the supersymmetry algebra are
indeed constructed by going to the rest frame. This reduces the form of the
algebra to that of a Clifford algebra and one can split the 4N supercharges into
2N creation operators and 2N annihilation operators by considering suitable
linear combinations [164]. This means that, in general, a massive multiplet
consists of 22N states, 22N−1 bosonic and as many fermionic. However, if
some of the central charges coincide with M the multiplet shortens, since
some of the creation operators annihilate the ground state.
In the case of N = 2, this happens when M = |Z|. The corresponding
multiplet is said to be 1/2 BPS since half the creation operators (4 out of 8)
act trivially. As a result the supermultiplet contains only half as many states,
i.e. 8 (4 bosons and 4 fermions) instead of 16 = 24.
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In the case of the N = 4 superalgebra, one has two sub-cases M = |Z1| =
|Z2| (1/2 BPS) andM = |Z1| 6= |Z2| (1/4 BPS). The corresponding multiplets
are respectively 1/2 and 3/4 the length of ordinary N = 4 multiplets.
As discussed in Sect. 13, in the conformal phase theN = 4 SYM theory has
a larger group of symmetries, the N = 4 superconformal group, PSU(2, 2|4),
see Appendix I.
In this situation the fundamental degrees of freedom of the theory are
gauge-invariant composite operators which are organised into multiplets form-
ing unitary irreducible representations (UIR’s) of PSU(2, 2|4). Each compos-
ite operator in a multiplet can be labelled by the quantum numbers associated
with the maximal bosonic sub-group of PSU(2, 2|4), SO(2, 4) × SO(6), i.e.
two spins, j1 and j2, the scaling dimension, ∆, and three SO(6) Dynkin labels,
[k, l,m].
A further generalisation of the concept of BPS multiplet arises in this con-
text. The UIR’s of PSU(2, 2|4) have been classified in [175]. For a review and
applications to the AdS/CFT correspondence see [92,118]. Ordinary long rep-
resentations contain a number of states proportional to 216, with the propor-
tionality constant related to the dimension of the representation of the bosonic
sub-group under which the lowest component transforms. Shorter representa-
tions arise when specific relations occur among the SO(2, 4)×SO(6) quantum
numbers of the lowest component of the multiplet. The correlation functions
considered in Sect. 15 involve operators belonging to multiplets classified as
1/2 BPS. These are characterised by the fact that their lowest component is
a Lorentz scalar operator of dimension ∆ = ℓ, with ℓ ≥ 2, transforming in the
[0, ℓ, 0] representation of the SO(6) R-symmetry group. Generic multiplets of
this type have 112 ℓ
2(ℓ2−1) 28 components. The cases ℓ = 2, 3 are special in that
they are characterised by a further accidental shortening and are sometimes
referred to as ultra-short. Many other shortening conditions can be identified.
For instance 1/4 BPS multiplets arise when the lowest component is a Lorentz
scalar, double trace operator with ∆ = 2k+ l transforming in the representa-
tion [k, l, k] of SO(6). In the case of 1/2 and 1/4 BPS multiplets the range of
spin is respectively 4 and 6 units, whereas long multiplets have a spin range
of 8 units.
I – The N = 4 superconformal group
In this Appendix we summarise some basic properties of the four-dimensional
N = 4 superconformal group, PSU(2, 2|4). More details and references can be
found in the reviews [91]. The maximal bosonic subgroup of PSU(2, 2|4) is the
direct product of the four-dimensional conformal group, SO(2, 4) ∼ SU(2, 2),
and of the R-symmetry group of the N = 4 superalgebra, SO(6) ∼ SU(4).
The conformal group is the group of transformations which preserve the form
of the metric up to a (position dependent) scale factor. In four-dimensional
158 Massimo Bianchi, Stefano Kovacs, and Giancarlo Rossi
Minkowski space, with metric ηµν = diag(−,+,+,+), it is generated by trans-
lations, Lorentz transformations, dilations and special conformal transforma-
tions. We denote the corresponding generators respectively by Pµ, Lµν , D and
Kµ, µ, ν = 0, 1, 2, 3. For the generators of the SU(4) R-symmetry we use T
a,
a = 1, 2, . . . , 15.
The action of infinitesimal conformal transformations on the coordinates,
xµ → x′µ(x) = xµ + δxµ(x), is the following
δxµ(x) = aµ (translations)
δxµ(x) = Λµ
νxν (Lorentz transformations)
δxµ(x) = λxµ (dilations) (614)
δxµ(x) = 2bνx
νxµ − xνxνbµ (special conformal transformations) ,
where aµ and bµ are constant vectors, λ ∈ R+ and the constant matrix Λµν
satisfies ηρσΛρ
µΛσ
ν = ηµν .
The fermionic symmetries in PSU(2, 2|4) comprise sixteen Poincare´ super-
symmetries, generated by the superchargesQAα and Q¯
α˙
A, with A = 1, 2, 3, 4 and
α, α˙ = 1, 2, and sixteen special (or conformal) supersymmetries, generated by
the supercharges SαA and S¯
A
α˙ .
As explained in Appendix G the superconformal algebra also admits six
complex scalar central charges as well as additional generalised central charges
which carry Lorentz indices.
Neglecting the central extensions the superconformal algebra reads
[Lµν , Pρ] = −i(ηµρPν − ηνρPµ) , [Lµν ,Kρ] = −i(ηµρKν − ηνρKµ) ,
[Lµν , Lρσ] = −iηµρLνσ + permutations , [Pµ,Kν ] = 2iLµν − 2iηµνD ,
[D,Lµν ] = 0 , [D,Pµ] = −iPµ , [D,Kµ] = iKµ ,
{QAα , QBβ } = {SαA, SβB} = {QAα , S¯Bα˙ } = {Q¯α˙A, SβB} = 0 ,
{QAα , Q¯α˙B} = 2σµαα˙PµδAB , {SαA, S¯Bα˙ } = 2σµαα˙PµδAB ,
{QAα , SβB} = εαβ(δABD + TAB) +
1
2
δABLµνεβγσ
µν γ
α . (615)
The R-symmetry group of automorphisms of the generic N -extended super-
symmetry algebra is U(N ). The N = 4 case under consideration is special
in that the U(1) factor in the decomposition U(N ) = SU(N ) × U(1) of the
R-symmetry becomes an outer automorphism: none of the other generators
in the algebra is charged under this U(1) symmetry [175, 176] and all the
fields and composite operators in N = 4 SYM are neutral under this central
U(1). The absence of the abelian factor in the R-symmetry is reflected in the
notation PSU(2, 2|4) as opposed to SU(2, 2|4).
As has been discussed in Sect. 13, the observables in the N = 4 SYM
theory are correlation functions of local gauge-invariant composite opera-
tors. Such operators are labelled by the quantum numbers characterising their
transformation under the bosonic subgroup SO(2, 4)× SO(6). A class of op-
erators playing a special roˆle in a conformal field theory such as N = 4 SYM
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are the conformal primary operators. These are defined by the condition of
being annihilated by special conformal transformations acting at the origin,
[Kµ,O(x)]
∣∣
x=0
= 0 . (616)
The existence of such operators is associated with the presence of a lower
bound on the dimension of fields and operators in a unitary conformal field
theory. Since the action of Kµ lowers the dimension of an operator, the ex-
istence of the unitarity bound implies that in every representation of the
conformal group there must be an operator satisfying (616). The action of the
generators of the conformal group on primary operators is as follows,
[Pµ,O(x)] = i∂µO(x)
[Lµν ,O(x)] = [i(xµ∂ν − xν∂µ) +Mµν ]O(x)
[D,O(x)] = −i(∆− xµ∂µ)O(x) (617)
[Kµ,O(x)] = [i(x2∂µ − 2xµxν∂ν + 2xµ∆)− 2xνMµν ]O(x) .
The functional form of two- and three-point functions of primary operators is
fixed by conformal invariance. In the case of Lorentz scalars, for instance, the
two-point function vanishes unless the two operators have the same scaling
dimension, in which case it takes the form
〈Oi(x1)Oj(x2)〉 = cij|x12|2∆ , (618)
where x12 = x1 − x2, cij are constants and ∆ is the common dimension of Oi
and Oj . For three-point functions conformal invariance implies
〈Oi(x1)Oj(x2)Ok(x3)〉= cijk|x12|∆i+∆j−∆k |x13|∆i+∆k−∆j |x23|∆j+∆k−∆i , (619)
where cijk are numerical coefficients. The form of four- and higher-point
functions is not completely determined by the conformal symmetry. Four-
point functions, for instance, are determined up a function of two confor-
mally invariant cross-ratios constructed from the four insertion points, e.g.
r = x212x
2
34/x
2
13x
2
24 and s = x
2
14x
2
23/x
2
13x
2
24. The scaling dimensions and the
coefficients, cij and cijk, in (618) and (619) are in general functions of the
Yang–Mills coupling constant, g, and the ϑ-angle.
Local composite operators in N = 4 SYM are organised in multiplets of
the superconformal group. The bottom component of any such multiplet, i.e.
the operator of lowest dimension, is referred to as a superconformal primary
operator. Superconformal primary operators are annihilated by the special
supersymmetry generators acting at the origin,
{SAα ,O(x)]
∣∣
x=0
= 0 , (620)
where the symbol {S,O] indicates a commutator if O is bosonic and an anti-
commutator if O is fermionic. Notice that superconformal primary operators
are always also conformal primaries, but the opposite is not true.
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As discussed in Appendix G there are special UIR’s of the superconformal
group corresponding to short BPS multiplets. Operators in such multiplets
are protected and their two- and three-point functions do not receive quan-
tum corrections. This implies that their scaling dimensions and three-point
couplings are not renormalised.
J – Compendium of differential geometry
An n dimensional topological manifold is a set of points such that the neigh-
borhood of a point P (any open set containing the point P ) looks like Rn. In
order to describe a manifold one needs an atlas made of many patches that
are related to one another by transition functions. If the transition functions
are continuous, then the manifold is continuous. If the transition functions are
differentiable, then the manifold is differentiable. If the transition functions
are complex analytic, then the manifold is complex.
One can add further structures. On a differentiable manifold one can de-
fine a metric which is a symmetric bilinear form on the vector fields such
that g(U, V ) = g(V, U) = gijU
iV j in a local coordinate patch. Parallel trans-
port is achieved by means of a connection Γ ijk that can be fixed to be the
Christoffel connection imposing that the metric be covariantly constant, i.e.
0 = Digjk ≡ ∂igjk − Γ likgjl − Γ ljiglk. One can then construct the Riemann
curvature tensor Rkij l and its contractions, the Ricci curvature tensor Ril and
the scalar curvature R. After parallel transport a vector gets transformed
by means of a SO(n) rotation. Transformations along closed paths form the
holonomy group of the manifold, which is necessarily a subgroup of SO(n).
On differentiable manifolds one can define p-forms with p < n. A 0-form is
a function, a 1-form is combination of the differentials of the local coordinates
A = Ai(x)dx
i. In a local coordinate patch
Ap =
1
p!
∑
i1,...,ip
Ai1,...,ipdx
i1 ∧ ... ∧ dxip . (621)
where the (anti-)symmetric wedge product satisfies Ap ∧Bq = (−)pqBq ∧Ap.
On forms one can define an exterior differential dAp = Bp+1, that satisfies the
(graded) Leibniz rule. On a Riemannian manifold, one can also define a Hodge
star operator ∗Ap = A˜n−p. Combining d and ∗ one can define a differential
operator δ such that δAp ≡ ∗ d∗Ap = Cp−1, that generalises the divergence.
The Lie derivative of a p-form along a vector field V is defined by
LV Ap = ιV dAp + d(ιV A) , (622)
where ιV denotes contraction with V . In a local coordinate patch one has
LV Ai1,...,ip = V i∂iAi1,...,ip −
p∑
k=1
Ai1,...,i,...,ip∂ikV
i . (623)
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Both d and δ are nilpotent, i.e. d2 = 0 and δ2 = 0. The generalised Laplacian
is given by ∆Ap = (dδ + δd)Ap. It coincides with the standard Laplacian
∆ = ||g||−1/2∂i(||g||1/2gij∂j) on 0-forms (scalars). A form is closed if dA = 0
and exact if A = dC. A form is co-closed if δA = 0 and co-exact if A = δC. A
form which is closed and co-closed is harmonic, i.e. ∆A = 0. The equivalence
classes of closed forms Cp that differ by exact forms Ep define the cohomology
groups Hp = Cp/Ep. De Rham has shown that one can always find a harmonic
representative in each cohomology class 59.
A symplectic manifold is an even dimensional manifold that admits a
closed 2-form, known as symplectic form, e.g. for the phase space of a point
in Rn one has Ω =
∑
i dpi ∧ dxi.
On complex manifolds one can decompose d as d = ∂ + ∂¯, where both ∂
and ∂¯ are nilpotent. By a complex coordinate change one can always put the
metric in Hermitean form ds2 = gij¯dz
idz¯ j¯ at least locally.
The Ka¨hler form on a complex Riemannian manifold is ω = gij¯dz
i ∧ dz¯ j¯ .
If ω is closed, dω = 0, which implies ∂ω = 0 = ∂¯ω, the manifold is Ka¨hler.
Locally ω = ∂∂¯K, where K(z, z¯) is the Ka¨hler potential. If the manifold has
real dimension 4n and admits three closed Ka¨hler forms, dωI = 0, I = 1, 2, 3,
whose components satisfy the algebra of quaternions the manifold is said to
be hyper-Ka¨hler. If the three Ka¨hler forms are not closed but rather dωI =
cnǫ
IJKωJ ∧ ωK , the manifold is said to be quaternionic.
An isometry of the metric is a coordinate transformation that leaves the
metric invariant and is thus generated by a vector field V that satisfies
0 = LV gij = V k∂kgij − gik∂jV k − gik∂jV k ≡ −∇iVj −∇jVi , (624)
where indices are raised and lowered with the metric.
A holomorphic isometry is such that LV ω = 0. Thanks to the closure of ω,
V admits a prepotential because d(ιV ω) = 0 implies ιV ω = dµV locally. The
prepotential is known also as the holomorphic Ka¨hler map. A tri-holomorphic
isometry is such that LV ωI = 0. Thanks to the closure of ωI , V admits
three prepotentials because d(ιV ω
I) = 0 implies ιV ω
I = dµIV locally. The
prepotentials are known also as the tri-holomorphic Ka¨hler maps.
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